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ABSTRACT 

Given an m-accret ive operator  A in a Banach space X and an upper 

semicontinuous multivalued map F: [0, a] x X -4 2 x ,  we consider the 

initial value problem 

u ' E - A u + F ( t , u )  on [0, el, u(0) = xo. 

We concentrate  on the case when the semigroup generated by - A  is only 

equicontinuous and obtain existence of integral solutions if, in particular,  
X* is uniformly convex and F satisfies 

/3(F(t, B)) < k(t)/3(B) for all bounded B C X 

where k E L 1 ([0, a]) and/3 denotes the  Hausdorff-measure of noncompact-  

n ~ s .  Moreover, we show tha t  the set of all solutions is a compact  Rb-set 

in this si tuation.  In general, the extra  condition on X* is essential as we 

show by an example in which X is not uniformly smooth  and the  set of 

all solutions is not compact ,  but  it can be omited if A is single-valued and 

continuous or - A  generates a C0-semigroup of bounded linear operators .  

In the simpler case when - A  generates a compact  semigroup, we give a 

short  proof of existence of solutions, again if X* is uniformly (or strictly) 

convex. In this si tuation we also provide a counter-example in R 4 in 
which no integral solution exists. 

* T h e  a u t h o r  g ra te fu l ly  acknowledges  f inancia l  s u p p o r t  by D A A D  w i t h i n  t h e  s c o p e  
of  t h e  F r e n c h - G e r m a n  p r o j e c t  P R O C O P E .  
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1. I n t r o d u c t i o n  

We consider the initial value problem 

(1) u' �9 - A u  + F(t, u) on J = [0, a], u(0) = z0 

in a real Banach space X, where A is m-accretive and F is a multivalued map. 

Given xo �9 D(A), we look for (integral) solutions of (1). Here u is called a 

solution of (1) if u is the integral solution (see Section 2 below for the definition) 

of the quasi-autonomous problem 

u ' � 9  on J, u ( 0 ) = x 0  (2) 

with some 

w e Sel(u):--  {v E L1x(J):'v(t) C F(t,u(t)) a.e. on J}. 

This problem has been studied by several authors. In [11], [12] and part III 

of [1] problem (1) is considered in a finite-dimensional Hilbert space and exis- 

tence of solutions is obtained if (among other assumptions) F is continuous, or 

jointly measurable and lower semicontinuous in x, or measurable in t and up- 

per semicontinuous in x, respectively. Under the last-mentioned conditions on F 

the same conclusion is proved in part IV of [1] for infinite-dimensional Hilbert 

spaces, given that A is of special type (as described at the beginning of Section 

4 below); especially the semigroup generated by - A  is supposed to be compact. 

In all these cases integral solutions are in fact strong solutions, i.e. absolutely 

continuous and a.e. differentiable such that the inclusion in (1) holds a.e. on J.  

A short proof of the results mentioned so far can be found in Appendix A4 in 

[15]. In general, integral solutions may not be strong solutions; regularity results 

can be found e.g. in [4] and [9]. 

In [21] the authors obtain local integral solutions if X is a separable Banach 

space, the semigroup generated by - A  is compact and F is, in particular, lower 

semicontinuous. The proof given there is based on the known fact that  the 

restriction of Sel: Cx(J)  --+ 2 L~:(J) NO to any compact set has a continuous 

selection under these assumptions. Using "directionally continuous" selections of 

F it is shown in [8] that  (1) admits a global integral solution u which satisfies 

the additional constraints u(t) C K on J for a given closed K C D(A), if X is 

a Banach space, x0 E K,  - A  generates a compact semigroup and F is bounded 

lower semicontinuous with closed values and satisfies a natural subtangential 

condition. There the same approach is also used to prove connectedness of the 

solution set under the additional assumption that X* is uniformly convex. 
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Viability results under time-dependent constraints in the upper semicontinuous 

case have been obtained in [7]. Based on [6], where single-valued continuous 

perturbations are considered, it is shown in [7] that (1) admits a mild solution 

satisfying additional constraints u(t) E K(t) on J if, in particular, - A  generates 

a compact semigroup and F satisfies a necessary subtangential condition. 

Let us also note in passing that  strong solutions of problem (1) with F satisfying 

a condition of dissipative type are obtained in [5]. 

In this paper we consider perturbations F being (weakly) upper semicontinuous 

in x, and we concentrate on the case when the semigroup generated by - A  is only 

equicontinuous. Under such conditions problem (1) has been studied in Chapter 

3 in [28]; see Remarks 1 and 3 below for the precise assumptions used there. 

Evidently u is a solution of (1) iff u e Cx(J)  is a fixed point of G := S o Sel, 

where (for fixed Xo e D(A)) Sw denotes the unique integral solution of (2) 

corresponding to w E L~:(J). Hence we look for fixed points of G, where we 

always assume that  F is defined on J • D with certain D D D(A) and, to avoid 

problems concerning the continuation of local solutions, we impose the growth 

condition 

(3) liF(t,x)]I := sup{iyI: y �9 F(t,x)} << c(t)(l+lx[) on J •  with c �9 LI(J). 

Once the global results are proved corresponding local versions follow easily; see 

Remarks 1 and 3 below. We start with the case when - A  generates a compact 

semigroup and obtain solutions of (1) if X* is uniformly convex, F is weakly 

upper semicontinuous in x with closed convex values and the maps F(, ,  x) admit 

strongly measurable selections. If F is upper semicontinuous w,r. to x with 

compact values then strict convexity of X* is sufficient. The extra condition on 

X*, which can be dropped in the single-valued case F = {f}, is not a pure proof 

technical one in case of multivalued perturbations. This is shown by Example 1 

below, where we have X = R 4,, F jointly usc but (1) has no integral solution for 

certain initial values. 

In Section 4 we replace compactness of the resolvents of A by a compactness 

condition on F,  namely 

(4) f l(F(t,B)) < k(t)~(B) a.e. on J for all bounded g C D with k E LI( j ) .  

By means of the estimate given in Lemma 4 below we then obtain existence 

of solutions of (1), again if X* is uniformly convex (Theorem 2). This result 

is a considerable improvement of Theorem 3.6.1 in [28]. Let us also note that  

Theorem 2, if specialized to the single-valued case F = {f},  is an extension of 

Theorem 3.3 in [19] where f is assumed to be a compact map. 
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By the method of proof we also get compactness of the solution set. Since 

the latter is not true in general, as shown by Example 2 in which F(t,  x) - C 

with some compact C c X, this method of proof is restricted to Banach spaces 

X having some additional property, unless A satisfies certain extra conditions. 

Such special situations in which the approach works in general Banach spaces 

are studied in Section 5. We start with the linear case and get a solution if 

- A  generates a C0-semigroup of bounded linear operators and F satisfies the 

assumptions of Theorem 2. Next, we obtain the existence of strong solutions if 

- A  is replaced by g: J • X --~ X being strongly measurable in t, continuous in 

x satisfying a growth condition like (3) as well as a condition of dissipative type. 

This extends one of the main results in [24]; see Remark 6 below. 

In the final section we prove that the solution set is in fact a compact R~, 

i.e. the intersection of a decreasing sequence of compact absolute retracts; here 

we concentrate on the situation as described in Theorem 2 which is the more 

difficult one. In [20] it was shown that "absolute retracts" can be replaced by 

"contractible sets" in the definition of compact R~, and to obtain the result 

mentioned above we show that also "compact" can be weakened. 

2. P r e l i m i n a r i e s  

In the sequel, X will always be a real Banach space with norm I" I- Then 2 X \ 0 

denotes the nonempty subsets of X,  B~(x) is the closed ball in X with center 

x and radius r, B~(x) denotes its interior and p(x, B) is the distance from x to 

the set B C X. Given J -- [0, a] C ~, we let C x ( J )  be the Banach space of all 

continuous u: J -+ X and L ~ ( J )  the Banach space of all strongly measurable, 

Bochner-integrable w: J -+ X, both equipped with the usual norms which we 

denote by I" 10, respectively ]. I1. Given an operator A: X -+ 2 X, we let D(A) = 

{x E X: Ax  ~ 0}, R(A)  = UxeD(A)Ax and gr(A) = {(x,y): x E D ( A ) , y  E Ax} 
denote the domain, range and graph of A, respectively. 

(i) Recall that  A: X -~ 2 X is m-accretive if R ( I  + hA) = X for all $ > 0 and 

A is accretive, which means 

(u - v, x - y)+ > 0 for all x, y E D(A),  u C Ax  and v E Ay. 

Here (., .)+ is given by (z ,x)+ = max{x*(z): x* C ~'(x)} where ~:  X --~ 2 )c* \ O 

denotes the duality map, i.e. ~'(x) = {x* C X*: x*(x) = Ixl 2 -- ]x*]2}; see e.g. 

w in [14]. 

If A is m-accretive, the resolvents J~ := (I + AA)-I: X -+ D(A) are nonexpan- 

sire mappings, i.e. IJ~x - J~Yl <- I x - Y] on X • X,  for all A > 0. Conversely, if 
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A: X -+ 2 x is such that  R ( I + A A )  = X and J~ is single-valued and nonexpansive 

for every ,~ > 0, then A is m-accretive. 

We will also use the following properties of J~, which hold if A is m-accretive. 

Given x E D(A)  we have IJ~x - x I <_ ~IYl for ~ > 0, where y is any element 

of Ax; this implies J~x ~ x as A --+ 0+ on D(A).  The resolvents satisfy the 

so-called resolvent identity 

J~x = x + J~x on X for all s # > 0. 

Let us also recall some facts concerning the quasi-autonomous problem (2). Given 

any w E L~x(J) and x0 E D(A),  initial value problem (2) has a unique integral 

solution u. This means u: J ~ D(A) is continuous with u(0) = x0 and 

l u ( t ) - x l  2 - ] u ( s ) - x ]  2 < 2  (W(T) - - y , u (T ) - - x )+ d T  f o r 0 < s < t < a  

and all (x, y) E gr(A). For fixed x0 E D(A),  we let Sw denote the integral 

solution corresponding to w E L~(J ) .  Then S: L1x(J) --+ C x ( J )  satisfies 

I ( S w ) ( t ) - ( S ~ ) ( t ) l  < I ( S ~ ) ( s ) - ( S w ) ( s ) l +  I~(~-)-~(~-)ld~ for 0 < s < t < a, 

in particular S is Lipschitz of constant 1. In subsequent proofs it will happen 

that  we know wn ~ w in L~x(J) and Sw~ --~ v in Cx(J ) .  We then wish to 

conclude Sw = v, but unfortunately this may fail even in finite dimensions (see 

Example 1 below). Nevertheless, it holds in the following situations. 

PROPOSITION 1: Let X be a real Banach space, A: X ~ 2 x m-accretive and 

S defined as above. Let (w~) C L1x(J) be such that w~ ~ w in L I ( J )  and 

Swn --+ v in C x (J ) .  Then Sw = v holds if one of the following assumptions is 

satisfied: 

(a) X* is uniformly convex. 

(b) X* is strictly convex, > 1}) = 0 a.e. on J and  Iw (t)l < 

a.e. on Y for all n > 1 with some ~ E L 1 (J). 

We omit the proof, which is not difficult and relies on additional properties of 

the duality map depending on the extra conditions on X*. The details can he 

found in [28], respectively [25]. 

If A is m-accretive, it generates a semigroup {T(t)}t>o of nonexpansive 

mappings T(t):  D(A) --+ D(A), given by the so-called exponential formula, i.e. 

T( t )x  = lim Y~/,~x for t > 0 and x E D(A).  
n --r o o  
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Then  T(.)x  is the  integral solution of (2) with w -- 0 and u(O) = x. {T(t)}t>_o is 

called the semigroup genera ted by - A ,  and it is said to be compac t  if T( t )B  is 

compac t  for all t > 0 and bounded  B C D(A) (i.e. the T(t) are compac t  maps  

for t > 0), while {T(t)}t>>_o is called equicontinuous if the family of functions 

{T(.)x:  x �9 B} is equicontinuous at  every t > 0, for all bounded  B C D(A). Let 

us note  in passing tha t  {T(t)}t>_o is compac t  iff {T(t)}t>_o is equicontinuous and 

J~ is a compac t  m a p  for some (or, equivalently, for all) ,~ > 0; see [10]. 

Proofs  for all facts ment ioned above wi thout  reference can be found in [3] 

or [4] 

(ii) Let  us also provide some facts abou t  mult ivalued maps;  proofs, if not  given 

here, can be found in [15]. We call an F:  J = [0, a] --+ 2 x \ ~ measurab le  if 

F - I ( V )  := {t �9 J :  F ( t ) N V  # 0} is a Lebesgue measurable  subset  of J ,  for every 

open V C X.  If  this holds and X is separable  then F has a measurab le  selection, 

i.e. f ( t )  �9 F(t)  a.e. on J for some measurable  f :  J ~ X.  

Given a n o n e m p t y  subset  ft of a Banach  space and a mult ivalued m a p  F:  ~ --+ 

2 x \ 0, we say t ha t  F is usc if F - I ( A )  is closed in ft for all closed A C X ,  and 

F is e-5-usc if for every x0 E f t  and e > 0 there is 5 = 5(x0, e) > 0 such tha t  

F(x)  C F(xo) + Br for all x �9 Ba(xo) n f~. 

In general,  usc is s t ronger  than  e-5-usc, but  bo th  concepts  coincide if F has 

compac t  values; let us also note  tha t  compactness  of g r (F )  implies tha t  F is usc 

wi th  compac t  values. In appl icat ions one also has to consider mul t ivalued maps  

having only weakly compac t  values; as a p ro to type  one may  think of the following 

si tuation:  X = LP(~) with f~ = [a, b] c R, p c [1, oo) and F:  X -+ 2 x \ fl given 

by F(u) = {w �9 X: w(x) �9 Sgn(u(x))  a.e. on ft}, where Sgn(p) = p/Ipl if p r 0 

and Sgn(0) = [ -1 ,  1]. In such cases another  concept  is more  natural .  We call 

F weakly usc if F - I ( A )  is closed for all weakly closed A C X.  Evident ly  usc is 

s t ronger  t han  weakly usc and simple examples  show tha t  a weakly usc F with 

compac t  convex values may  fail to be usc. Let us record some addit ional  facts 

abou t  weakly usc maps  which will be useful later on. 

PROPOSITION 2: Let X be a Banach space, ~ r q) a subset of another Banach 

space and F: f~ --+ 2 x \ 0 have weakly compact values. Then the following holds: 

(a) If  F is ~-5-usc then F is weakly usa 

(b) If the values of F are also convex, then F is weakly usc iff (xn) C t2 

with xn --+ Xo ~ t2 and y~ E F(x,~) implies Yak --~ Yo E F(xo) for some 

subsequence (Ynk ) of (y~). 
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Proof: To obtain part  (a), let F be e-5-usc and suppose that  F is not weakly use, 

i.e. there is (xn) C ft with Xn -+ X0 E f~ and a weakly closed A C X such that  

F(x~)MA ~ 0 for all n >_ 1 and F(xo)MA = 0. Let e := inf{p(y,A): y E F(x0)}. 

We are done if e > 0, since then (F(x0) + B~(0)) A A = 0, hence F(xn) C 
F(x0) + B~(0) for all large n > 1 gives the contradiction F(xn)  n A = 0 for those 

7 L  

If e = 0, we find Yn E F(x0) and z~ E A such that  lYn - Znl --+ 0. Since F(x0) 

is weakly compact we may assume y~ -~ Y0 E F(x0), hence also Zn ~ Y0 E A 

which gives Y0 E F(xo) N A, a contradiction. 

Concerning (b) notice that  sufficiency is obvious. To prove necessity let us first 

show that  F(C) is weakly compact for every compact C C ft. For this purpose 

let U~eA V~ be any weakly open covering of F(C). For any x E C, F(x) is then 

covered by finitely many V~, the union of which we denote by Vx. Since F is 

weakly use and Vx is weakly open the sets Ux := {2 E f~: F(~)  C V~} are open 
77% 

in ft and cover C. Hence C C Ui=l ux~ for certain Xl , . . .  ,Xm E C. This yields 
m F(C) C Ui=t V~ since y E g ( c )  means y E F(x) for some x E C and x E U~ 

for some i. Therefore, F(C) is weakly compact since U~m=l Vx~ is the union of 

finitely many Vx. 

Let (x~) C ft with x~ -+ x0 E f t  and y~ E F(xn). Then F ( { x ~ : n _ > l } )  is 

weakly compact,  hence Y~k -~ Y0 for some subsequence. Suppose Yo ~ F(xo). By 

Mazur 's  Theorem we find x* E X* such that  x*(y) <_ r on F(xo) and x*(yo) >_ 
r + 2 5 w i t h  s o m e r  E R and 5 > 0. T h e n F ( x ~ k )  M A ~  @ for all large k >_ 1 

with the weakly closed set A = {y E X: x*(y) >_ r + 5} implies F(xo) M A ~ O, a 
contradiction. I 

In subsequent proofs we shall also use the following fixed point result. 

LEMMA 1: Let X be a Banach space, 0 r D C X compact convex and F: D --+ 

2 D \ 0 usc with closed contractible values. Then F has a fixed point. 

This is a special case of the Corollary given in [18], where the values of F are 

only assumed to be compact Rh-sets. 

(iii) We also need the following criterion for weak relative compactness in 

L1x(J). 

LEMMA 2: Let X be a Banach space, J = [0,a] c I~ and W C Llx(J) be 
uniformly integrable. Suppose that  there exist weakly relatively compact sets 
C(t) C X such that w(t) E C(t) a.e. on J, (or all w E W. Then W is weakly 
relatively compact in L lx ( J). 

This is Corollary 2.6 in [17] specialized to Lebesgue measure. 
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3. T h e  c o m p a c t  c a s e  

We consider initial value problem (1) in the s i tuat ion when - A  generates  a 

compac t  semigroup.  In this case we can immedia te ly  find a compac t  convex 

subset  of C x ( J )  which is invariant under  G = SoSel .  This is due to the following 

result. 

LEMMA 3: Let X be a real Banach space, A: X --+ 2 x be m-accretive such that 

- A  generates a compact semigroup and let W C L1x ( J) be uniformly integrable. 

Then S ( W )  is relatively compact in Cx  (J). 

This is Theo rem 2.3.3 in [28] which is based on Theorem 2 in [2], where W is 

of the special type  W = {w E L ~ ( J ) :  [w(t)] < 99(t) a.e. on J }  with 99 E LI(J) .  

Now we are able to prove 

THEOREM 1: Let X be a real Banach space and A: D(A) C X -~ 2 x \ 0 be 

m-accretive such that - A  generates a compact semigroup. Let J = [0, a] C R 

and F: J x D(A)  --+ 2 x \ 0 with closed convex values be such that F(., x) has 

a strongly measurable selection for every x E D(A) and (3) is satis~ed. Then 

(1) has an integral solution for every Xo E D(A),  if  also one of the following 

conditions holds: 

(a) X* is uniformly convex, F(t ,  .) is weakly usc for all t E J. 

(b) X* is strictly convex, F has compact values, F(t ,  .) is usc for all t E J. 

Proof: 1. Let  us first show tha t  F admits  an extension F:  J x X --+ 2 x \ 0 

having the  same proper t ies  as F ,  such tha t  the solution set of (1) remains  the 

same if F is replaced by _F. This  can be achieved if we let F( t ,  x) = F(t ,  Px)  on 

J x X with P: X -+ D(A) given by P x  = J~(x)x, where we let ,~(x) = p(x, D(A))  

on X and Jox := x on D(A).  

Evidently,  F has the same propert ies  as F if P is continuous with IPx] < 

Cl +c21xI on X ,  for some Cl, c2 > 0. To prove continuity of P,  let (x~) C X with 

xn --+ x0, ,~n := ,k(Xn) and ,k0 := ~(x0). Then  , ~  --+ ~0 and if -~0 = 0 we have 

xo E D(A) ,  hence 

]Px~ - Pxol = IJ~nxn - Xol <_ Ixn - xoI + IJ~xo - Xol --~ O. 

If  Ao > 0 then  /~n > 0 for all large n, hence 

IPxn - Pxol <__ ]xn - Xol + ]J~nxo - J~oxoI 

< Ixn - xol  + 1 - (Ixol  + IJ ozol) o,  
Ao 
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where we used the resolvent identity to get the last inequality. To get the est imate 

for P,  fix a~ E D(A) and 9 E A~:. Then 

IPx] _ Ix - a~l + IJ;,(~)~l <_ ix - ~1 + A(x)lgl + I~1 _< c1 q- c2lxl o n  X, 

where cl := [~1(2 + [91) and c2 := 1 + 191. 

Therefore, in the subsequent steps, we may assume that  F is defined on J • X; 

notice that  every integral solution u of (1) wi th /~  instead of F satisfies u(J) c 
D(A), hence u is in fact a solution of the original problem. 

2. To get a fixed point of G = S o S e l ,  let us first show Sel(u) # 0 for 

every u E Cx(J). For this purpose let u �9 Cx(J), Un be step-functions with 

l u -  unl0 --+ 0 and Wn be strongly measurable selections of F(.,u,~(.)). By 

(3), {wn: n >_ 1} C Llx(J) is uniformly integrable. Moreover, the wn sat- 

isfy w,~(t) E C(t) := F(t, {un(t): n _> 1}) and the sets C(t) are weakly com- 

pact by Proposition 2(b), since F has weakly compact values; notice that  X 

is reflexive in case (a). Therefore we may assume wn ~ w in LI(J)  due to 

Lemma 2. By Mazur 's  theorem there are wn E conv{wk: k _> n} such that  

@~ --+ w in L1x(J), hence @n~(t) -+ w(t) a.e. on J for some subsequence 

(@~k). To conclude w(t) �9 F(t,u(t)) a.e. on J we argue as follows. Let t �9 J 

be such that  Wn(t) �9 F(t,u,~(t)) for all n > 1 and ~ ( t )  ~ w(t). Given 

x* �9 X* and e > 0, we have x*(wn(t)) �9 x*(F(t,u(t))) + ( -~ ,e )  for all large 

n, hence the same inclusion holds for x*(N,~k(t)) for all large k; notice that  

x* o F(t,.) is usc with compact convex values. Hence x*(w(t)) ~ x*(F(t,u(t)) 
for all x* �9 X* which implies w(t) E F(t,u(t)) a.e. on J ,  since F has closed 

convex values. Thus we have Sel(u) r 0; in fact the same argument (with 

un �9 Cx (J) instead of step-fimctions) together with Proposition 2(b) also shows 

that  Sel: Cx (J) -+ 2 L~:(J) \ 0 is weakly usc with weakly compact values. 

3. We let Ko = {u �9 Cx(J): lu(t)l <_ r on J},  where ~b is the solution of 

W' = c ( t ) 0  + r  a.e. on J, r  = max{Ir(t)xol: t �9 J}. 

Then K0 C Cx(J) is closed hounded convex such that  G(Ko) C Ko. Con- 

sequently K: = convG(K0) C Cx(J) is compact convex by Lemma 3 and 

G(K) c K, hence G: K --+ 2 u \ 0  by the first step. To see that  the values 

of G are contractible let C = G(u) for some u E K,  fix ~ E Sel(u) and define 

h: [0, 1] x C --+ C by 

h(s, v)(t) = ~ v(t) if t E [0, sa], 
( ~(t; sa, v(sa)) if t E (sa, a], 
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where ~(.; to, x0) is the solution of u'  E - A u  + ff;(t) on [to, a], u(to) = Xo. Notice 

that  h maps into C, since v = Sw for some w E Sel(u), hence h(s,v) = Sff; 

with ~ := wX[0,sa] + ff;X(sa,a] E Sel(u). Evidently h(0, v) = S~9 and h(1, v) = v 

on C, and h is continuous due to the continuous dependence of fi(.; to, x0) on 

(to, x0) E [0, a) x D(d). 
Therefore, Lemma 1 yields a fixed point of G if we are able to prove that  gr(G) 

is compact.  Evidently it suffices to show that  gr(G) is closed. Let (u~) C K with 

un --+ u and vn E G(un) with vn --~ v, hence vn = Swn for some wn E Sel(un). 

By the previous step we may assume w~ --~ w E Sel(u). Now if (a) holds we 

immediately obtain v = Sw E G(u) by Proposition l(a). If  (b) is satisfied let t E 

J be such that  Wn(t) E F(t, un(t)) for all n > 1. Then wn(t) E F(t, u(t)) + B~(O) 
for all n > n~, hence {wn(t): n > 1} is relatively compact for those t E J .  

Therefore we get v = Sw E G(u) by Proposition l(b). I 

Let us give some complementary 

Remarks: 1. We can also obtain a local version of Theorem 1 as follows: Let 

F be defined on J x Dr with Dr = B~(Xo) A D(A) and suppose that  the corre- 

sponding assumptions of Theorem 1 (a) or (b) hold. Then Theorem 1 applies to 

/~ given by F( t ,  x) = F(t, P(R(x))), where P is as in step 1 of the last proof and 

R is the radial retraction onto B~(xo) with ~ > 0 such that  P(B~(xo)) C B~(xo). 
This yields an integral solution of (1) with F which is a local integral solution 

of (1) with F, since F(t,x) = F(t,x) on J x (B~(xo) M D(A)). Such a local 

version of part  (a) of Theorem 1 comes close to Theorem 3.3.1 in [28]; there it is 

also assumed (in addition to the conditions imposed in Theorem l(a))  that  X is 

separable and the F(. ,  x) are measurable. 

If the maps F( . ,x )  are strongly measurable, i.e. they are given as the a.e.- 

limit of step-multis with closed values (see w in [15]), then (3) can be replaced 

by p(O,F(t,x)) < c(t)(1 + IxI) on g x D(A) with c E nl(J).  This follows by 

application of Theorem 1 to F0(t, x) := F(t, x) M c(t)(1 + IxI)BI(0) instead of F.  

Hence we get at least one global solution, but notice that  (1) may have other 

local solutions as well. 

2. In the situation of Theorem l(b) the extra condition on X* can be dropped 

if we consider single-valued perturbations. To see this, notice that  the only step 

where the additional property of X* came into play was to show that  gr(G) is 

closed. Now for single-valued F = {f} the regularity assumptions become strong 

measurabili ty w.r. to t and continuity w.r. to x. Therefore, un -+ u in Cx(J)  
and w,~ E Sel(un) imply w,~ = f ( . ,u~( . ) )  -+ w = f ( . ,u( . ) )  a.e. on J. By the 

dominated convergence theorem we get wn -+ w in Llx(J), hence Swn --+ Sw 
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and we are done. 

In the mul t ivalued case the ex t ra  condition on X* cannot  be removed,  as shown 

by the  following counter-example.  

Example 1: (a) We s tar t  with a two-dimensional  example  in which w~ ~ w in 

L~x(J) and Swn -+ v in C x ( J )  do not imply Sw = v. 

Let X = R 2 with norm [xl0 = max{lxxl,  Ix21}, z = ( 1 , - 1 )  and A: X --+ 2 x \ 0 

be  given by 

{ - z }  if xl  < x 2 ,  

A x =  {(s, 9)(s)): - l < s < l }  if x l = x 2 ,  

{z} if Xl > x2, 

where 9): [ -1 ,  1] --~ [ -1 ,  1] is continuous, decreasing with 9)(-1)  = 1 and 9)(1) = 

- 1 .  Then  it is not difficult to check tha t  A is m-accre t ive  for every choice of such 

9); the details can be found in [13] p. 295f, where these par t icular  opera tors  were 

used to show tha t  the generator  of a semigroup may  not be uniquely determined.  

Let J = [0,1], rn( t)  = sgn(sin(2nTrt)) be the Rademacher  functions (with 

sgn(O) = 1) and define (wn) c LIx(J) by w~(t) = rn(t)z  on J .  Then  wn(t) E 

{--z, z} on J and wn ~ 0 as n ~ oc. Due to + z  E AO, the initial value problems 

u ' e - A u + w ~ ( t )  on J, u ( 0 ) = 0  

have the  classical solution u = 0. Hence Swn = 0 for all n > 1, since classical 

solutions are also integral solutions. So we have wn ~ 0 and Sw,~ ~ O. 

Nevertheless,  SO r 0 unless 9)(0) = 0. Notice tha t  9)(#) = # for some unique 

# E ( - 1 ,  1), hence (p ,# )  E Ax for a l l x  E X with Xl = x2. Therefore,  the  

solution of u '  E - A u  on J ,  u(0) = 0 is given by u(t) = ( - t i t , - # t )  on J ,  hence 

u 7~ 0 if 9)(0) 7~ 0. 

(b) We are now able to define an m-accre t ive  opera tor  A and a compac t  convex 

C C X such tha t  S ( W )  is not closed, where 

W -- {w E L~:(J) :  w(t) E C a.e. on J} .  

For this purpose  let X = ]~4, equipped with the max-norm,  and define A: X 

2 X \ 0 as A = A1 z A2, where the  Ak correspond to functions 9)k and are given 

as in pa r t  (a). As 9)1, 9)2 we choose (see Figure 1) 
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Figure 1. 

{ { 1 2-r if - l < r < _ _  2 ~l(r)  = 1 if - 1  < r < 0 and ~ 2 ( r )  = 3 1 
1 - - 2 r  if 0 < r < l  2 - - 3 r  if ~ < r < l .  

1 1 1), we let w~(t) = r~(t)e on J = [0,1] with the rn from G i v e n e =  (1, 2, 2, 2 
above. For n _> 1, let Un = Sw,~ with initial value un(O) = 0. Since all un are 
Lipschitz continuous integral solutions and X has the Radon-Nikodym property, 

it follows that the un are strong solutions; see Theorem 7.7 in [4]. By definition 

of Ak outside the diagonal A = {(s, s): s E R} and the choice of e it follows that 

the solution remains in A x A, hence 

= ( -- # l (rn( t ) ) , -#l (rn( t ) ) , -#2(rn( t ) ) , -#2(rn( t ) ) )  a.e. on J, Urn(t) 

where 

= [ g r ( ~ k ) -  s(�89189 MA for k =  1,2. 

Elementary calculations show that 

#1(8)-- 31 6s and #2(s) - 21 IsI4 f o r s � 9  

Therefore, u,(t)  = - t y  + (vn(t), vn(t), 0, 0) on J with 

(1,1 ,) 1s 
Y =  3'  3 ' 4 ' 4  and vn(t) = -~ rn(T)dT. 

Consequently, un(t) -+ - t y  uniformly on J.  Moreover, (un) C S(W) if we let 

C = conv{-e ,e}  and W = {w E L~(J ) :  w(t) C C a.e. on J}. Suppose that 
u(t) = - t y  satisfies u = Sw for some w E W. Then 

u'(t) E -Au( t )  +w(t)  a.e. on J, u(0) = 0 ,  
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which means y + r(t)e �9 Au(t) a.e. on J with a measurable r: J --4 [ -1 ,  1]. By 

definition of A this yields the contradict ion 

y + ue C gr(~l )  x gr(qo2) for some u �9 [ -1 ,  11. 

(c) Based on the previous par t  we obtain the following example for non- 

existence. Let  A, y, e and C be as in (b) and define F:  J x  X -+ 2 x \ 0  

by 
R(akt)e if 1/(k + 1) < Ix + tYl < 1/k, 

F(t,  x) = C otherwise, 

where ak = k(k + 1) and R(s) = Sgn(sin(Trs)) with Sgn(p) = P/IPl for p r 0 and 

Sgn(0) = [ -1 ,  1]. Evident ly  F is use and bounded with compact  convex values. 

Assume tha t  (1) with J = [0, 1] and x0 = 0 has an integral solution u on J .  

As in (b) it follows tha t  u(-) E A x A and u(t) = - t y  is not possible due to 

F ( t , - t y )  - C. 
Let r  = [u(t) + ty] on J. Due to continuity of r  r  = 0 and r r 0 there  

exist 7 �9 (0, 1] and a large k _>_ 1 such tha t  r  = 1/k and r  < 1/k on [0, 7). 

Let  a = max{t  �9 [0, 7]: r  <_ 1/(k + 1)}. Then  

1 1 1 1 
r  - k + 1' r  = ~ and k +-----1 < r  < ~ on (a, 7). 

Consequently g(t ,  u(t)) = R(akt)e on (a, 7), which implies 

u' C - A u + w ( t ) e  a.e. on [a, 7] with w(t) =ro(akt)  on [a, 7]. 

As in the previous step this yields 

1 ro(akt) 1 ro(akt) 1 1)  
- g +  6 ' 3 4' -4 a.e. on[o,  7], 

hence 

(if/  1// ) u(T) +'ry = u(a) + ay + -6 ro(akt)dt,-~ ro(akt)dt, O,O 

and therefore the contradict ion 

1,.  jo i 1 -k = r <_ r + -6 ro(akt)dt < k + l 
t 1 

Thus  (1) has no integral solution for this special choice of A, F and x0. 
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4. T h e  e q u i c o n t i n u o u s  case 

In the important  special case when X is a Hilbert space and A = cqp is the 

subdifferential of a proper convex lsc function 9): D~ C X --+ R, the semigroup 

generated by - A  is always equicontinuous and it is compact iff 9) has compact 

sublevel sets, i.e. {x E X: Ix[ 2 + 9)(x) < r} is compact for all r > 0; see e.g. 

p. 42 in [28]. This is one motivation to consider initial value problem (1) in the 

situation when the semigroup generated by - A  is only equicontinuous. Instead of 

compactness of the resolvents ( I+  AA)- 1 we then impose a compactness condition 

on F,  namely 

(4) /3(F(t, B)) <_ k(t)~3(B) 

a.e. on J for all bounded B C D with some k E L l (J) .  

Here/3(-) denotes the gansdorff-measure of noncompactness; see w in [15]. To 

get existence of integral solutions in this situation we will again use the fixed 

point approach but this time it is harder to find a compact (convex) invariant 

set K. In ease A = 0 this can be achieved using the estimate 

]0 /0 wk(s)ds: _> 1)) _< k _> 1})d  on J, 

which holds for separable X and (wk) C L ) ( J )  satisfying Iwk(t)l _< 9)(t) a.e. on 

J for all k > 1 with some 9) E LI ( j ) ;  see e.g. Proposition 9.3 in [15]. Now the 

idea is to extend this formula to the case A r 0. This is contained in 

LEMMA 4: Let X be a real Banach space and A: X ~ 2 x be m-accretive such 

that - A  generates an equicontinuous semigroup. Then the following holds. 

(a) If  W C L I ( j )  is uniformly integrable then S (W)  C C x ( J )  is equi- 

continuous. 

(b) If  X* is uniformly convex and (wk) C Llx(J) satisfies Iwk(t)l _< 9)(t) a.e. 

on J for all k > 1 with some 9) E LI(J) ,  then 

(5) /3({(Swk)(t): k >_ 1}) < fl({wk(s): k >_ 1})ds on J. 

We only have to prove part (b), since the first part is Theorem 2.3 in [19]. Let 

us also note that  (b) is known in the special case {wk(s): k >> 1} C C a.e. on J 

with some compact C C X; see Theorem 3.1 in [19]. To prove part (b) we need 

another auxiliary result. Given 0 r f~ C X let /3a(B) be defined by 

an(B)  = inf{r > 0: B C U Br(xi) for some m_> 1 and Xl , . . . ,Xm E f~} 
i = 1  
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for bounded B C a ,  i.e. the centers of the covering balls are chosen from f~ 

instead of X. Then ~(B) < /~a (B)  _< 2~(B) for all bounded B C a .  Moreover, 

/3f~ has the following representation: 

PROPOSITION 3: Let X be a Banach space and 0 7 s ~n C X with ~n C ~n+l 

for n >_ 1 be such that 3(f~n N A) = 0 for bounded A C X and all n >_ 1. Let 

f~ = Un>l f~,~ and B = {xk: k >_ 1} C f~ be bounded. Then 

f~a(B) = lim lira p(xk,an) .  
n--+oo k - + o o  

This is an extension of Proposition 9.2 in [15], where f~ := X is assumed to be 

separable and the f~n are subspaces of finite dimension. Nevertheless, except for 

trivial modifications, the proof given there also works in the situation considered 

here. 

Proof of Lemma 4(b): We may assume that  X0 = span(U~>lWk(J))  is 

separable, since all wk are strongly measurable. By Theorem V.2.3 in [16], which 

applies since X is in particular reflexive, there is a closed separable subspace Y 

of X, containing X0, and a linear continuous projection P from X onto Y with 

IlPll = 1. For bounded B C Y we therefore have/3(B) = f i r (B) .  Let Yn C Y be 

finite-dimensional subspaces such that  Y = Un>l Y~, let 

Wn = {w E L ~ ( J ) :  Iw(s)l < 2~)(s) a.e. on J}  

and f~n = {(Sw)(t):  w E Wn} for fixed t E J ,  where it suffices to consider t > 0. 

Let us show that  /3(f~n) = 0 for all n > 1. For every e > 0 there is a closed 

J~ C J such that  ~lJ~ is continuous (hence also bounded) and f j . .  j~ ~(t)dt < e/2. 
Then 

den  :~-~- { ( S v ) ( t ) :  v = w X j ~  with w E W,~} 

is relatively compact by the remark behind Lemma 4. Since x := (Sw)(t)  E f~n 

implies x ~ := (S(wXj~))(t)  E a~  and Ix - x~ I < f j , . j r  Iw(t)ldt <_ e, w e  have 

a n  C a ~ + B e ( 0 ) .  This yields/3(f~,~) _</3(a~) + e  = c for all e > 0, i.e./3(f~n) = 0. 

Hence Proposition 3 applies and therefore 

~({(Swk)(t):  k >_ 1}) _< ~a({(Swk)(t):  k >_ 1}) = lim lim p((Swk)(t) ,  an), 
n--+ oo k--+ oo 

where a = U~>I ~n. Now 

p((Swk)(t) ,  f~n) = inf{[(Swk)(t) - (Sw)( t ) l :  w c Wn} 

/o' <_ inf Iwk(s) - w ( s ) l d s :  w E W~} = p(wk(s),Y~)ds; 
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for the last equality notice tha t  H(s)  :=  {x E Yn: Iwk(s) - x l  <<_ p(~k(s) ,Yn)} 

defines a measurable multivalued map with nonempty  values, hence H has a 

measurable  selection w and Iw(s)l _< 2~(s) a.e. on J .  Finally, using Fatou 's  

Lemma,  the domina ted  convergence theorem and Proposi t ion 3 we get 

/0' - -  

/3({(Swk)(t): k >_ 1}) _< lira lim p(wk(s) ,Yn)ds 
n - 4 o o  k--+ oo  

= ~y({Wk(S): k > 1})ds 

= 3({wk(s):  k >_ 1})ds. | 

Now we can obtain the main result in this section. 

THEOREM 2: Let X be a real Banach space such that X* is uniformly convex and 

A: X --+ 2 x be m-accretive such that - A  generates an equicontinuous semigroup. 

Let D :=  c-b-ff~D(A), J = [0, a] C R and F: J x D ~ 2 x \ O  with dosed 

convex values satisfying (3) and (4) be such that F(., x) has a strongly measurable 

selection for every x E D and F(t ,  .) is weakly usc for every t E J. Then (1) has 

an integral solution for every xo c D(A).  

Proof: As in the proof  of Theorem 1 we look for a fixed point of G = S o Sel, 

and get a closed bounded convex set K0 C C x ( J )  such that  G(Ko) C Ko. We 

let Kn+l := c-b-~G(Kn) for all n > 0 and K :=  Nn>0 Kn. Then we are done if 

we can show tha t  K is relatively compact;  notice tha t  K is then compact  convex, 

and G: K --+ 2 K \ 0 is usc with closed contractible values which follows as in the 

proof  of Theorem 1. 

Due to Lemma 4(a) we know tha t  K is an equicontinuous subset of 

C x ( J ) ,  hence K is relatively compact  if 3(K( t ) )  = 0 on J ,  where K(t )  = 

{u(t): u E K}.  We let p~(t) -- ~(K~(t))  for n _> 0 and p(t) = 13(K(t)). Then 

Pn+l(t) < ]3({(Sw)(t): w C Sel(Kn)}). In order to  apply (5) suppose, for the 

moment ,  tha t  for given e > 0 there is a sequence (wk) C Sel(K~) such tha t  

f l ({(Sw)(t):  w E Sel(K~)}) <__ 2fl({(Swk)(t): k >_ 1}) + e. Then,  using also (4), 

we obtain  

/0' I' p~+l(t) _< 2 ~({wk(s):  k > 1})ds + e < 2 k(s)p,~(s)ds + e. 

Since this is t rue for every e > 0, and p~(t) "N p~(t )  on J ,  we get 0 _< p(t) < poo(t) 
and 

/0' poo(t) <_ 2 k(s)Poo(s)ds, poo(O) = O. 
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Evidently, this implies p(t) = 0 on d. 

To finish the proof we have to show that  for bounded B c X and e > 0 

there is a sequence (Zk) C B such tha t /3(B)  < 2/~({zk: k _> 1}) + e. It  sumces 

to consider B C X with ~(B) > 0 a n d  e ~ (0, Z ( B ) ) .  L e t  r = ; ~ ( B )  - e and 

xl r B. Then there is x2 C B \ Br(xa) since otherwise B C Br(x~) gives the 

contradiction ~(B)  <_ r. Given Xl , . . .  ,x,~ E B with Ixj - xkl > r for j r k, the 

same argument  yields Xm+l E B such that  Izj - x,~+l[ > r for j = 1 , . . . ,  m. By 

induction we therefore get a sequence (xk) C B with Ixj - xkl _> r for all j r k. 

Evidently, this implies/3({xk: k > 1}) > r /2  hence/3(B) _< 2~({xk: k > 1}) + e. 

II 

Additional information is contained in the following 

Remarks: 3. Theorem 2 is a considerable improvement of Theorem 3.6.1 in 

[28], where local integral solutions are obtained in the following situation: X 

separable with X* uniformly convex, A m-accretive such that  - A  generates an 

equicontinuous semigroup, F: [a, b] x V --+ 2 X \ 0 jointly usc with closed convex 

values satisfying ~(F([a,  b] x B)) = 0 for all bounded B C V, where V is open in 

D(A)  with z0 r V. 

Let us note that  Theorem 2 also admits a corresponding local version, say for 

F: J x D~ --4 2 x \(~ with D,. = Br (xo )N  c-b--fi-VD(A); notice that  (3) on J x Dr 

implies ]u(t) - x0] < r on [0, b) for every integral solution u of (1) if b > 0 is 

sufficiently small. 

In Theorem 2 we need the F(t ,  .) to be defined on a convex set to get the convex 

compact K; this t ime we cannot use the map P from the proof of Theorem 1 

to extend F to all of J x X,  since it is unclear if this extension will satisfy 

(4). We have not checked whether this can be achieved by other means, since in 

applications where X* is unifi)rmly convex, X will usually also have this property 

and in this case D(A)  is convex. 

4. By the proof of Theorem 2 the set of all integral solutions of (1) is a 

compact subset of C x ( J ) ,  for every xo r D(A) ,  in the situation considered there. 

Consequently, the next example shows that  the method which we used does not 

work without additional assumptions on X*. More precisely, there exist an m- 

accretive A: X --+ 2 x \ 0 such that  - A  generates an equicontinuous semigroup 

and a compact C c X such that  the set of all integral solutions of 

(6) u ' E - A u + C  on[0,1],  u ( 0 ) = 0  

is not relatively compact. The ingredients are taken from a counter-example due 

to M. Pierre which can be found in [28], p. 224 if; there it was used to show that  
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a certain sequence of approximate  solutions for (6) is not  relatively compact .  

Notice also tha t  in the subsequent example estimate (5) does not hold. 

Example 2: Let X = {u E Cb(R+): u(0) = 0} with the sup-norm ]'10. For u E X 

we let u + be defined by u+(x) = max[0,x) u(s); notice tha t  u + is increasing with 

u+(z) >_ u(x) on N+. Now we let D = {u+: u E X}  and A: D --+ 2 X \ 0 be given 

by Au = { v -  u: v E X , v  + = u}. 

1. Let us show tha t  A is m-accret ive such tha t  - A  generates an equicontinuous 

semigroup. For this purpose let us first prove tha t  

(7) (u + + a ( u -  u+))  + = u + for all u E X and a > 0. 

Let v = u + + a ( u -  u+).  Then  u _< u + implies v _< u + hence also v + < u +. On 

the other  hand, given x >_ 0 there is ~- E [0,x] with u+(x) = u(~-) which yields 

u+(s) = U(T) for all s E [%x]. This irfiplies 

_> = + - = u + ( x ) ,  

hence (7) holds. 

To show R ( I  + AA) = X for all A > 0, let w E X be given and 

w - -  w + 
V : =  W + + - -  

T h e n u : = v  + E D a n d v  + = w  + = u b y  (7), hence 

w - -  w + 
- -  E A u  

which means w E u+AAu.  Moreover, u = w + is the only solution of w E u+AAu ,  

since w E it + AAit with ~2 E D implies w = it + A(~ - it) for some �9 E X with 

�9 --- it, hence it = w + by (7). Therefore, given A > 0, J~ = ( I +  AA) - I :  X -+ D 

is well defined and given by J;~w = w + on X. It  remains to show tha t  A is 

accretive which follows if all J~ are nonexpansive maps, i.e. lu + - v + 1 0  < ] u -  v]0 

for all u ,v  E X .  Suppose, on the contrary, tha t  ] u -  v]0 < lu+(x) - v + ( x ) l  

for some x > 0, where we may assume u+(x) > v+(x). Since u+(x) = u(T) 

for some ~- E [0, x] and v+(x) >_ v+(7 ") >_ v(~-), this gives the contradict ion 

- v( )l < - < - 

Evidently, Jxu = u + on X for all A > 0 and u = u + on D = D imply 

T( t )u  = lim J~/~u~ = u for a l l t > O a n d u E D .  
n ' - +  OQ 

Hence the semigroup generated by - A  is given by T(t)  =I iD for all t > O, which 

is equicontinuous. 
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2. Let 

d = [ 0 , 1 ] ,  J~,z= ' - - n ~ )  f o r n > l ,  / = 0 , . . . , n - 1  

and wn E LIX(J) given by w~(t) = (-1)z~ on J~,l, where W C X is the sawtooth- 

function defined by 9~(x) fo "~(s)ds on ~ with r = l = ~ ~ l > 0 ( - 1 )  X[2~-l,2l+l)- 
Evidently, w,~(t) �9 C := {-qo,~} on J for all n > 1. Hence (Wn) C nix(J) is 

weakly relatively compact and we even have w= ~ 0. Let u= = Sw= be the 

integral solution of u' �9 - A u  + w=(t) On J ,  u(0) = 0. We claim that  (u~) is 

not relatively compact in C x ( J )  and it suffices to show that (uej(1)) C X is not 

relatively compact. 

We will only sketch the proof, since the details require lengthy but elementary 

calculations. Fix an even n > 2 and let tk = 2k/n for k > 0. Then by induction 

w.r. to k one can show 

(8) ~(tk)(x) = X (-r176 on e+ ,  for every k > 0. 

0 

To get this representation the first step is to solve the initial value problem 

v ' � 9  on[0,1/n] ,  v ( 0 ) = u ( t k ) .  

Since the operator A, defined by _~u = Au - ~, is again m-accretive the integral 

solution of this problem is given by the exponential formula, namely v(t) = 

limm-,oo Y ~ u ( t k )  where s  = g~(u + ~9~) = (u + )~)+.  Using representation 

(8) it turns out that v(t) = (u(tk) + t~) + for t �9 [0, 1/n], hence u(tk + 1/n) = 
v(1/n) = (u(tk) + w/n) +. Then the next step is to take this as the new initial 

value and to solve v' �9 - A v  -- qo on [l /n,  2/n]. Evidently u(tk+l) = v(2/n) and 

a similar argument as above yields 

Finally, it can be checked by elementary calculations that  u(tk+l) is again of the 

type given by (8). Now it is easy to conclude that un, for even n, satisfies 

_ x _ < ~  on[0,2n], u~ (1 ) (x )= l  on[2n, oo). 

Therefore, u2j(1)(x) -+ 0 as j --+ oo uniformly on bounded intervals, but 

lu2y (1)I0 = 1, hence (u2j (1)) is not relatively compact which proves the claim. 
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5. O t h e r  specia l  cases 

Having clarified that some additional assumption on X* is needed in general, 

we are now going to consider two important special cases in which the approach 

works for general Banach spaces. To achieve this, the crucial step is to check 

that an estimate like (5) is still valid. 

We start with the semilinear case in which we assume that A is also linear. 

Notice that  in this situation - A  generates a C0-semigroup {T(t)}t_>0 of bounded 

linear operators. Then u is an integral solution of (2) iff 

/0 * (9) u(t) = T(t)Xo + T(t  - s)w(s)ds on J; 

see e.g. Theorem 5.7 in [4]. Let (wk) C Llx(J) satisfy Iwk(t)l _< ~ ( t )  a.e. on  J for 

all k _> 1 with some ~o C L 1 (J). Exploitation of (9) together with the estimate 

mentioned in front of Lemma 4 yields 

/3({(Swk)(t): k > 1}) < 2 /3({vk(s): k _> 1})ds, 

where vk(s) := T(t  - s)wk(s) on [0, t]; notice that w.l.o.g. X0 = spgnUk>l vk(J) 

is separable, and recall that /3xo(B) <_ 2/3(B) for bounded B C Xo. In this 

situation we therefore have 

/0 (10) 13({(Swk)(t): k >_ 1}) _< 2 t3({wk(s): k _> 1})ds on J, 

since accretivity of A implies IT(t)lo < 1 for all t _> 0. 

Here we can drop the equicontinuity assumption on the semigroup and have 

THEOREM 3: Let X be a real Banach space and A: D(A) C X + X be such 

that - A  generates a Co-semigroup {T(t) }t>_o of bounded linear operators. Let 

J = [0, a] c R and F: J x X --+ 2 x \ 0 with closed convex values satisfying (3) 

and (4) be such that F(., x) has a strongly measurable selection for every x E X 

and F(t,  .) is weakly use for every t ~ J. Then (1) has an integral solution for 

every x0 E X. 

Proof: Since - A  generates a C0-semigroup, there exist M > 1 and co E R 

such that IT(t)lo < M& 't on 1R+. We may assume M = 1 after a change to an 

equivalent norm, hence (Ax,x)+ >_ -colxl 2 on D(A); see e.g. Chapter 1 in [23]. 

Let Ao := A + c o I  and Fo := F+coI .  Then A0 and F0 in place of A and F 

satisfy the assumptions of Theorem 2. Now notice that the proof of Theorem 2 

is also valid in this situation if the set K, as defined there, is relatively compact 
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in C x ( J ) ,  and we o b t a i n / 3 ( K ( t ) )  -- 0 by the same a rguments  as given there,  

since (10) is valid. It  remains  to prove tha t  K is equicontinuous. Assume,  on the 

contrary,  tha t  there  are e0 > 0 and sequences (Un) C K ,  (t~), (t~) C J such tha t  

t ,  --+ r > 0, {n ~ r as n -+ oo and lu,~(t,~) - un(tn)] _> e0 for all n _> 1. We have 

u,~ = S w n  and ]w,(t)l  < qo(t) a.e. on J for all n >_ 1 with some 9 E L I ( j ) ,  by 

the definition of K .  Explo i ta t ion  of (9) implies 

/t un(t)  = T ( h ) u n ( t  - h) + T ( t  - s )wn(s )ds  for 0 < t - h < t < a and n _> 1, 
--h, 

which yields 

t r F 

lun(t)  - u~ (~ l  _< IT(t - s)u~(s) - Z(~-  s)u,~(s)l + Js ~(p)dp + ]~ ~(p)dp 

for a l l n _ >  1 a n d 0  < s < t,:[<_ a. S i n c e D  := {un(s): n _> l} is compact ,  the  

family of maps  {T(.)x:  x E D} is equicontinuous. Therefore,  the last inequali ty 

gives the contradic t ion 0 < e0 <_ 2inf{f[(~o(p)dp: s E [0, r )}  = 0. I 

Now we tu rn  to the case when A is, in addition, single-valued and continuous.  

We write g instead of - A  and allow t ime-dependence  of g, where we assume tha t  

g is defined on all of J x X and is s t rongly measurable  w.r. to t. In this s i tuat ion 

we impose the  dissipat ivi ty condit ion 

O ( t , x )  - g ( t , ~ ) , x -  ~)_ _< ~o ( t ) l x -  ~l ~ 
(11) 

for all t E J , x , 2  E X with w E L I ( j )  

as well as the  growth condit ion 

(12) Ig(t,x)[ <_ d(t)(1 + Ixl) on  J x X with d E L I ( j ) .  

We are then  able to obta in  s t rong solutions of the initial value p rob lem 

(13) ~,' ~ ~(t ,  u) + F(t ,**) a.e. on J, ~(0)  = xo, 

given tha t  F is as described in Theorem 2. Here u is called s t rong solution of 

(13) if u is absolutely  continuous and a.e. differentiable such t ha t  (13) holds. 

In analogy to the  previous cases, we let S w  denote  the (strong) solution of the  

quas i -au tonomous  p rob lem 

(14) u ' = g ( t , u ) + w ( t )  a.e. on J, u ( 0 ) = x 0  

for w E Llx(J) .  
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THEOREM 4: Let X be a real Banach space, J = [0, a] C R and g: J x X -~ X 

be strongly measurable w.r. to t, continuous w.r. to x satisfying (11) and (12). 

Let F: J x X ~ 2 x \ ~ with closed convex values satisfying (3) and (4) be such 

that F(-, x) has a strongly measurable selection for every x E X and F(t ,  .) is 

weakly usc for every t E J. Then (13) has a strong solution for every Xo E X .  

Proof: 1. Let us first reduce to the case c(t) =- d(t) =- k(t) =- w(t) -- 1. For 

this purpose define ~ E LI(J )  by ~ = max{1,c ,d ,k ,w} .  The map t ~ f~ ~(s)ds 

from J to ~] := [0, I~I1] is continuous and strictly increasing. Let r be its inverse 

and define ~: J • X --+ X and F: J • X --+ 2 x \ (~ by 

1 1 
~(t ,x)  - ~ ( r162  ) and F( t , x )  - ~(r F(r  for (t ,x) E J • X. 

Evidently, u is a strong solution of (13) iff v(t) := u(r is a strong solution 

of (13) with g, F and J replaced by ~, F and J ,  respectively. Now it is easy 

to check that  ~ a n d / ~  satisfy (3), (4), (11) and (12) with c = d = k = w = 1. 

Concerning the other properties, notice that  ~ and /~  are as good as g and F.  

In the sequel we denote .~, F and J by g, F and J ,  respectively, again. 

2. As in step 2 of the proof to Theorem 1 it follows that  Sel: C x ( J ) , - ~  

2 n~ (g) "- ~ is weakly usc with weakly compact convex values. Due to the growth 

conditions on g and F we find a closed bounded convex Ko C C x ( J )  such that  

G(Ko) C Ko for G = S o Sel. Moreover, K0 is equicontinuous since g is bounded 

on bounded sets. 

Now we can repeat  the reduction to compact convex K C Cx  (J) with G(K)  C 

K,  as given in the proof to Theorem 2, if we can show that  an estimate like (5) 

is valid. In fact we have 

(10) ~({(Swk)( t ):  k >_ 1}) < 2 ~({wk(s): k >_ 1})ds on J, 

for (wk) C Llx(J)  satisfying Iwk(t)l <_ ~(t) a.e. on J for all k > 1 with some 

E L 1 (J) .  To obtain this inequality it suffices to show relative compactness 

of ((Swk)(t)) c x for all t E (0, a], where (wk) C L I ( j )  satisfies wk(t) ~ C 
a.e. on d for all k >__ 1 with some compact C c X; remember the proof of 

Lemma 4(b) and notice that,  if we replace Y by X0 there, we end up with 

f t3Xo({Wk(S):  k >_ 1})ds and then flxo(B) < 2f~(B) for all bounded B C X0 

yields (10). Given (wk) of the type mentioned above, we may assume wk ~ w in 

L1x(J) and also zk --~ z in C x ( J ) ,  where 

/o /o' zk(t) := wk(s)ds and z(t) := w(s)ds on J. 
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Let uk := Swk and u := ~'w. Then  ~(t)  := [uk(t) - zk(t) - (u(t) - z(t))J has 

~b(t)D- ~(t)  = "~( t)~' (t) 

= (g(t, uk(t)) - g(t, u(t)), uk (t) - (u(t) + ek(t)))_ a.e. on d, 

where ek := zk - z ~ 0 in Cx (J), hence 

r162 <_ ~(t)  2 + (g(t, u(t) +ek(t))  - g ( t ,  u(t)), uk (t) - (u(t) + ek(t)))+ a.e. on J 

which implies 

~'(t)  <_ ~ ( t ) +  [g(t,u(t) +ek( t ) )  - g ( t , u ( t ) ) [  a.e. on J. 

We also have ~b(0) = 0, hence Gronwall 's  L e m m a  yields 

~0 t ~(t)  <_ e t e-Slg(s, u(s) + ek(s)) - g ( s ,  u(s))lds on J. 

By continuity of 9 w.r. to x, (12) and tile dominated  convergence theorem,  the 

r ight-hand side tends to zero as k -4 oo. Consequently, we have luk - u[0 --4 0 a.s 

k -+ c~ and therefore (10) holds. 

In fact we have shown tha t  S: W C L1x(X) -+ C x ( J )  is weakly-strongly 

sequentially continuous,  given tha t  W is of the type 

W = {w E L ~ ( J ) :  w(t) e C a.e. on J}  

with compac t  C C X.  Evidently, this implies tha t  gr(GLK ) is closed, hence G is 

us(:. By L e m m a  1 we get a fixed point u of G, i.e. an integral solution u of (9). 

To finish tile proof, recall t ha t  u is the unique integral solution of (14) for some 

w E Sel(u). On the other  hand, initial value problem (14) evidently has a s t rong 

solution. Since s t rong solutions are integral solutions, this implies tha t  u is ill 

fact a s t rong solution of (13). II 

Remarks: 5. Theo rem 3 can be extended to t ime-dependent  opera tors  A(t) in 

a s t ra ight  forward way, if the family {A(t)} tea generates a s trongly continuous 

evolution sys tem U(t ,s) ,  0 ~_ s <_ t <_ a; see e.g. Chap te r  5 in [23] for the 

definition of an evolution system. In this s i tuat ion the fixed point  approach 

yields a continuous u: J --+ X satisfying 

~0 t u(t) = U(t,O)xo + U(t , s )w(s)ds  on J with some w C Sel(u). 
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By the same approach it is also possible to obtain solutions of semilinear 

functional-differential inclusions. This is done in [22] and the corresponding result 

is Theorem 2.1 there. 

6. If specialized to the single-valued case F = {f}, Theorem 4 includes the 

main result in [24], w There it is assumed that  f ,g: J z X --+ X are continuous 

and bounded such that  r ( f ( J  x B)) < L r ( B )  for all bounded B C X and g 

satisfies (11) with w(t) -- ~. The latter is an extension of Theorem 2 in [27], which 

is the local version for compact f ;  evidently, strong solutions are Cl-solutions in 

these cases. 

The idea to use the special r from step 2 of the proof to Theorem 4 to show 

that  wn -~ w implies Sw~ --+ Sw is taken from [27]. 

6. T h e  se t  o f  all  so lu t ions  

As mentioned in Remark 4, the solution set of (1) for fixed Xo E D(A) is a 

compact  subset of C x ( J )  in the situation described in Theorem 2. In fact it is 

a compact R~ as we are going to show in this section. Recall that  a subset B 

of a metric space is called compact R~, if B is the intersection of a decreasing 

sequence of compact absolute retracts (AR for short) Bn, i.e. the Bn have the 

following property: given any metric space ~, any closed A C ~ and an arbi trary 

continuous f :  A -+ Bn, there exists a continuous extension f :  ~ -+ Bn of f .  If 

f has a continuous extension to some neighborhood V of A only, B~ is called an 

absolute neighborhood retract (ANR for short). In [20] it was shown that  "AR" 

may be replaced by "contractible" in the definition of compact R~; remember 

that  B is contractible if there is x0 E B and a continuous h: [0, 1] x B -+ B such 

that  

h ( O , x ) = x o  and h(1, x ) = x  on B. 

If B C Y and the latter holds for some x0 E Y and h: [0,1] x B -+ Y then 

B is said to be contractible in Y, and B is called neighborhood contractible in 

Y, if B is contractible in every open V D B. Finally, B is called absolutely 

neighborhood contractible, if B is neighborhood contractible in Y for every ANR 

Y which contains B as a closed subset. 

To prove that  the set of all solutions is a compact R& the following character- 

ization of such sets will be helpful: 

LEMMA 5: Let ~t be a complete metric space, rio(') denote the Hausdorff-measure 

of noncompactness in f~, and let 0 7 ~ B C f~. Then the following statements are 

equivalent: 
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(a) B is a compact Ra. 
(b) B = nn>l Bn for some decreasing sequence of dosed contractible Bn with 

-+ o. 

(c) B is compact and absolutely neighborhood contractible. 

Proof: We only have to show "(a) ~ (b) ~ (c)", since the last implication 

"(c) ~ (a)", which is the most difficult step, forms the main part in [20]. 

Evidently (a) implies (b), since every AR is contractible. To prove that (c) 

follows from (b), let Y be any ANR which contains B as a closed subset and let 

V C Y be a neighborhood of B in Y. Since open subsets of ANR's are ANR's 

too, there is a continuous extension f:  U -+ V of the identity I: B --+ V to some 

neighborhood U of B in ft. Then fl(Bn) -+ 0 implies Bn C U for all large n. Fix 

such n, let x0 C B ,  and h: [0, 1] x B~ ~ B~ be continuous such that h(0, x) = x0 

and h(1,x) = x on Bn. Then h0 := f o hl[0,1]xB: [0,1] x B --+ V is continuous 

and satisfies 

ho(O,x)=f(xo) E V  and h0(1,x) = x  o n B .  

Hence B is absolutely neighborhood contractible and compactness of B is obvious. 
| 

For every x0 E D(A) we let M(xo) denote the set of all integral solutions of 

(1). Then the following holds. 

THEOREM 5: Under the conditions of Theorem 2 the solution set M(xo) C 
Cx(J) is a compact Ra. In particular, M(x0) is connected. 

Proof: 1. Let mo C D(A) be given. By the proof of Theorem 2 we already 

know that M := M(xo) is compact in Cx(d) .  Now, to apply Lemma 5, we 

approximate F by certain F~ D F. For this purpose let r~ = 3 -=, (Ua)acA be 

a locally finite refinement of the open covering D := ~ D ( A )  C Used B~,(x) 
and (qox)xeA be a locally Lipschitz continuous partition of unity subordinate to 

(Ux)xeA. For every k E A let za E D be such that Ua c B~,(z~). We define Fn 

by 

Fn(t,x) = E ~ox(x)Cx(t) on d x D with CA(t):= ~ F ( t ,  B2~.(x~)). 
)~EA 

Then it is not difficult to show that  

F(t,x) C Fn+l(t,x) C Fn(t,x) 
(15) 

C c~-fiVF(t, Ba~,(x) ND) on J x D for all n >_ 1; 
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see Lemma 2.2 and the proof of Theorem 7.2 in [15], from where this 

approximation is taken. Let Mn := M~(xo) be the solution set of (1) with 

Fn instead of F. By (15) we know that (Mn) is a decreasing sequence such that 

M C N,~>I M~. 

2. We are going to show that u~ E Mn for all n > 1 implies unk ~ u E M 

for some subsequence (u~ k) of (u~). Evidently this yields M = I~>1 M~ but it 

also implies ~0(M~) -~ 0, where/~0(') denotes the Hausdorff-measure in Cx(J); 
notice that  we get Pn := supveM~ p(v, M) --+ O, hence Mn C M + Bp~ (0) yields 

~o(M~) <_ Pn -+ 0 since M is compact. 

Given un = Sw~ E M~ for n > 1 with w~ E Fn(.,u~(-)), we first get 

boundedness of (u~), since all Fn satisfy 

(16) IIFn(t,x)ll < c(t)(2 + Ixl) on g • D 

by (15) and (3). Hence (wn) is uniformly integrable and therefore (un) is 

equicontinuous due to Lemma 4(a). Let p(t) = ~({Un(~): /t k 1}) on J. 

Application of Lemma 4(b) yields 

p(t) < /3({w~(s): n > p})ds on J for all p > 1, 

and exploitation of (15) implies 

(17) 
< k(s)(p(s) + 3rp) a.e. on J, 

hence GronwalPs Lemma and p --~ oc yields p(t) ~ 0. Consequently, 

lu~k - ulo -+ 0 for some subsequence (u,~) and some u E Cx(J).  Since (17) 

implies ~({wn(s): n > 1}) = 0 a.e. on J we may also assume wnk --~ w by 

Lemma 2. Now w E Sel(u) follows as in step 2 of the proof of Theorem 1, hence 

~tnk --9 u E M. 

3. We are done if the M ,  are contractible, since then Lemma 5 applies with 

B = M and Bn = M , .  Fix n k 1, let g~ be a strongly measurable selection of 

F(.,  x~), for every ~ E A, and define f by 

f ( t ,x)  = EP~(x)g;~(t) on g • D. 
~EA 

Then f(t,  x) E /~( t ,  x) on J • D is obvious. Since (U~)~eh is locally finite, f(-, x) 

is strongly measurable and for every compact C C D there exist "~ > 0 and 5 > 0 
such that 

(18) I f ( t , x ) - f ( t , ~ ) l < y c ( t ) l x - r  I for all t E J, x , ~ E C + B ~ ( O )  
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with c(.) from (3). Therefore, given (~-,x) E J x D(A), the local version of 

Theorem 2 (mentioned in Remark 3) implies the existence of a local integral 

solution v = v(.; T, X) of the initial value problem 

(19) v ' E - A v + f ( t , v )  on [%a], V(T)=X. 

Since (16) also holds with If(t,x)l instead of IlFn(t,x)l],  every local integral 

solution of (19) has an extension to all of IT, a], and, due to (18), we also have 

uniqueness. Therefore 

u(t) if t e [0, sa] 
h(s,u)(t) = v(t;sa, u(sa)) i f t  C (sa, a] 

defines a function h: [0,11 x Mn --+ M~ such that h(O,u) = v(.;0, x0) and 

h(1,u) = u on Mn. It remains to prove that h is continuous in order to 

show that M ,  is contractible..For this purpose, let (sk, uk) e [0, 1] x M~ with 

(sk,uk) -~ (s,u) and Ck(t) := Ih(s,u)(t) - h(sk,uk)(t)l on d. Moreover, let 

% 5 > 0 be such that (18) holds with C := [-Jk>l uk(J), and let K > 0 be such 

that  lul0 _< K for all u E M1; such K exists due to (16). Given r > 0, we are 

going to show 

Ck(t) < (2K + 5)exp( 7 c(T)d'c)e on J 

for all large k > 1. We consider the case sk < s and t E [sa, a] only; the remaining 

cases can be treated by means of similar arguments. 

First we find rj > 0 such that It(I) _< rj implies fI  c('c)d~- < e for every 

measurable I C J. Let k~ > 1 be such that l u - u k l 0  _< c and I s - s k i  _< 

rl/a for all k > k~. We have v(t;ska, uk(ska)) = v(t;sa, yk) if we let Yk := 

v(sa; ska, uk(ska)), hence exploitation of (18) yields 

Ck(t)  = Iv(t;sa,  u(sa))  - v ( t ; ska ,  uk(ska)) l  < lu(sa) -- Ykl +"/  C(r)r 
a 

Using u = Sw with some w E Fn(.,u(.)) and (16) we get 

l u ( s a )  - Ykl <_ lu(sk a) - u k ( s k a ) l  + fs sa 
ka 

which implies 

f s  t Ck(t) < (2K + 5)~ + ~, C(T)r 
a 

2(2+K)c(~)dT, 

for t E [sa, a]. 
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Consequently, application of Gronwall's Lemma yields the desired estimate, and 

therefore Ih(sk,uk) - h(s,u)lo --+ 0 as k ~ ec. Hence M is an R~-set, and M is 

connected since all Mn are. | 

Remarks: 7. By inspection of the previous proof it is rather obvious that the 

solution set of (1) is also a compact R5 under the assumptions given in Theorem 

1, 3 or 4. In the situations as described in Theorem 1 one can make the following 

simplification in the proof of Theorem 5: Since (16) yields a-priori bounds for 

all Mn we immediately get compactness of the Mn by application of Lemma 

3, hence Lemma 5 is not needed then. Part (a) of the result corresponding to 

Theorem 1 contains Theorem 3.3 in [26]. 

Concerning properties of the solution set in case A = 0 see w and w in [15]. 
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