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ABSTRACT

Given an m-accretive operator A in a Banach space X and an upper
semicontinuous multivalued map F: [0,a] x X — 2%, we consider the
initial value problem

u' € —Au+ F(t,u) on[0,a], u(0)= zo.

We concentrate on the case when the semigroup generated by —A is only
equicontinuous and obtain existence of integral solutions if, in particular,
X* is uniformly convex and F satisfies

B(F(t,B)) < k(t)B(B) for all bounded B C X

where k € L!([0,a]) and j3 denotes the Hausdorff-measure of noncompact-
ness. Moreover, we show that the set of all solutions is a compact Rs-set
in this situation. In general, the extra condition on X* is essential as we
show by an example in which X is not uniformly smooth and the set of
all solutions is not compact, but it can be omited if A is single-valued and
continuous or — A generates a Cg-semigroup of bounded linear operators.

In the simpler case when —A generates a compact semigroup, we give a
short proof of existence of solutions, again if X* is uniformly {or strictly)
convex. In this situation we also provide a counter-example in R* in
which no integral solution exists.

* The author gratefully acknowledges financial support by DAAD within the scope
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1. Introduction

We consider the initial value problem
(1) v € —Au+ F(t,u) onJ=1[0,a], u(0) ==z

in a real Banach space X, where A is m-accretive and F is a multivalued map.
Given zg € D(A), we look for (integral) solutions of (1). Here u is called a
solution of (1) if w is the integral solution (see Section 2 below for the definition)

of the quasi-autonomous problem
(2) v e —-Au+w(®) ondJ, u(0)=m
with some
w € Sel(u) := {v € LY (J)=v(t) € F(t,u(t)) a.e. on J}.

This problem has been studied by several authors. In [11], [12] and part III
of [1] problem (1) is considered in a finite-dimensional Hilbert space and exis-
tence of solutions is obtained if (among other assumptions) F' is continuous, or
jointly measurable and lower semicontinuous in z, or measurable in ¢ and up-
per semicontinuous in z, respectively. Under the last-mentioned conditions on F'
the same conclusion is proved in part IV of [1] for infinite-dimensional Hilbert
spaces, given that A is of special type (as described at the beginning of Section
4 below); especially the semigroup generated by — A is supposed to be compact.
In all these cases integral solutions are in fact strong solutions, i.e. absolutely
continuous and a.e. differentiable such that the inclusion in (1) holds a.e. on J.
A short proof of the results mentioned so far can be found in Appendix A4 in
[15]. In general, integral solutions may not be strong solutions; regularity results
can be found e.g. in [4] and [9].

In [21] the authors obtain local integral solutions if X is a separable Banach
space, the semigroup generated by —A is compact and F' is, in particular, lower
semicontinuous. The proof given there is based on the known fact that the
restriction of Sel: Cx(J) — 2Ex())\ @ to any compact set has a continuous
selection under these assumptions. Using “directionally continuous” selections of
F it is shown in [8] that (1) admits a global integral solution u which satisfies
the additional constraints u(t) € K on J for a given closed K ¢ D(A), if X is
a Banach space, o € K, — A generates a compact semigroup and F' is bounded
lower semicontinuous with closed values and satisfies a natural subtangential
condition. There the same approach is also used to prove connectedness of the
solution set under the additional assumption that X* is uniformly convex.



Vol. 108, 1998 MULTIVALUED PERTURBATIONS 111

Viability results under time-dependent constraints in the upper semicontinuous
case have been obtained in [7]. Based on [6], where single-valued continuous
perturbations are considered, it is shown in [7] that (1) admits a mild solution
satisfffing additional constraints u(t) € K(t) on J if, in particular, — A generates
a compact semigroup and F' satisfies a necessary subtangential condition.

Let us also note in passing that strong solutions of problem (1) with F satisfying
a condition of dissipative type are obtained in [5].

In this paper we consider perturbations F being (weakly) upper semicontinuous
in z, and we concentrate on the case when the semigroup generated by — A is only
equicontinuous. Under such conditions problem (1) has been studied in Chapter
3 in [28]; see Remarks 1 and 3 below for the precise assumptions used there.

Evidently u is a solution of (1) iff u € Cx(J) is a fixed point of G := S o Sel,
where (for fixed zyp € D(A)) Sw denotes the unique integral solution of (2)
corresponding to w € L% (J). Hence we look for fixed points of G, where we
always assume that F' is defined on J x D with certain D D —_(A—) and, to avoid
problems concerning the continuation of local solutions, we impose the growth
condition

(3) IIF(t, =) :=sup{|yl: y € F(t,2)} < c(t)(1+]z) on IxD with c€ L'(J).

Once the global results are proved corresponding local versions follow easily; see
Remarks 1 and 3 below. We start with the case when —A generates a compact
semigroup and obtain solutions of (1) if X* is uniformly convex, F is weakly
upper semicontinuous in ¢ with closed convex values and the maps F(-, z) admit
strongly measurable selections. If F' is upper semicontinucus w.r. to z with
compact values then strict convexity of X* is sufficient. The extra condition on
X™*, which can be dropped in the single-valued case F' = {f}, is not a pure proof
technical one in case of multivalued perturbations. This is shown by Example 1
below, where we have X = R*, F jointly usc but (1) has no integral solution for
certain initial values.

In Section 4 we replace compactness of the resolvents of A by a compactness
condition on F, namely

(4) B(F(t,B)) < k(t)B(B) a.e. on J for all bounded B C D with k € L!(J).

By means of the estimate given in Lemma 4 below we then obtain existence
of solutions of (1), again if X* is uniformly convex (Theorem 2). This result
is a considerable improvement of Theorem 3.6.1 in [28]. Let us also note that
Theorem 2, if specialized to the single-valued case F' = {f}, is an extension of
Theorem 3.3 in [19] where f is assumed to be a compact map.
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By the method of proof we also get compactness of the solution set. Since
the latter is not true in general, as shown by Example 2 in which F(t,z) = C
with some compact C C X, this method of proof is restricted to Banach spaces
X having some additional property, unless A satisfies certain extra conditions.
Such special situations in which the approach works in general Banach spaces
are studied in Section 5. We start with the linear case and get a solution if
—A generates a Cyp-semigroup of bounded linear operators and F satisfies the
assumptions of Theorem 2. Next, we obtain the existence of strong solutions if
—A is replaced by ¢: J X X — X being strongly measurable in ¢, continuous in
T satisfying a growth condition like (3) as well as a condition of dissipative type.
This extends one of the main results in [24]; see Remark 6 below.

In the final section we prove that the solution set is in fact a compact Rs,
i.e. the intersection of a decreasing sequence of compact absolute retracts; here
we concentrate on the situation as described in Theorem 2 which is the more
difficult one. In [20] it was shown that “absolute retracts” can be replaced by
“contractible sets” in the definition of compact R, and to obtain the result
mentioned above we show that also “compact” can be weakened.

2. Preliminaries

In the sequel, X will always be a real Banach space with norm |- |. Then 2% \
denotes the nonempty subsets of X, B,(z) is the closed ball in X with center
z and radius r, B,(z) denotes its interior and p(z, B) is the distance from z to
the set B C X. Given J = [0,a] C R, we let Cx(J) be the Banach space of all
continuous u: J — X and L} (J) the Banach space of all strongly measurable,
Bochner-integrable w: J — X, both equipped with the usual norms which we
denote by | - |o, respectively | - |;. Given an operator A: X — 2%, we let D(A) =
{z € X: Az # 0}, R(A) = U,ep(a) Az and gr(4) = {(z,y): = € D(4),y € Az}
denote the domain, range and graph of A, respectively.

(i) Recall that A: X — 2% is m-accretive if R(I + AA) = X for all A > 0 and
A is accretive, which means

(u—v,z—y)+ >0 for all z,y € D(A), v € Az and v € Ay.

Here (-,-)4 is given by (z,2)4 = max{z*(z): z* € F(z)} where F: X — 2X" \ 0}
denotes the duality map, i.e. F(z) = {z* € X*: z*(z) = |z]? = |z*|*}; see e.g.
§12.2 in [14).

If A is m-accretive, the resolvents Jy := (I+AA4)~': X — D(A) are nonexpan-
sive mappings, i.e. |Jxx — Jayl < |z —y| on X x X, for all A > 0. Conversely, if
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A: X — 2% is such that R(I+)AA) = X and J) is single-valued and nonexpansive
for every A > 0, then A is m-accretive.

We will also use the following properties of Jy, which hold if A is m-accretive.
Given £ € D(A) we have |Jyz — z| < Aly| for A > 0, where y is any element
of Ax; this implies Jxx — = as A — 0+ on 5(])_ The resolvents satisfy the
so-called resolvent identity

I =Ju(5e+ A;“ka) on X for all A, s> 0.

Let us also recall some facts concerning the quasi-autonomous problem (2). Given
any w € L% (J) and zo € D(A), initial value problem (2) has a unique integral
solution u. This means u: J — D(A4) is continuous with u(0) = zo and

lu(t) — z}® = Ju(s) — z|* < 2/t(w(7') —yu{r) —z)pdr for0<s<t<a

and all (z,y) € gr(A). For fixed zy € D(A), we let Sw denote the integral
solution corresponding to w € LY (J). Then S: LY (J) = Cx(J) satisfies

|(Sw) ()~ (5) (8)] < |(Sw)(s) |+/ () —w()ldr for 0< s < ¢ <a,

in particular S is Lipschitz of constant 1. In subsequent proofs it will happen
that we know w, — w in LY(J) and Sw, — v in Cx(J). We then wish to
conclude Sw = v, but unfortunately this may fail even in finite dimensions (see
Example 1 below). Nevertheless, it holds in the following situations.

PROPOSITION 1: Let X be a real Banach space, A: X — 2X m-accretive and
S defined as above. Let (w,) C L% (J) be such that w, — w in L% (J) and
Sw, — v in Cx(J). Then Sw = v holds if one of the following assumptions is
satisfied:
(a) X* is uniformly convex.
(b) X* is strictly convex, B({wa(t): n > 1}) = 0 a.e. on J and |w,(t)| < o(t)
a.e. on J for alln > 1 with some ¢ € L'(J).

We omit the proof, which is not difficult and relies on additional properties of
the duality map depending on the extra conditions on X*. The details can be
found in (28], respectively [25].

If A is m-accretive, it generates a semigroup {7'(t)}:>0 of nonexpansive
mappings T'(t): D(A) — D(A), given by the so-called exponential formula, i.e.

T(t)z= lim Jgj,z fort>0andz€ D(A).

n—+00
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Then T'(-)z is the integral solution of (2) with w = 0 and u(0) = z. {T(t)}s>0 is
called the semigroup generated by —A, and it is said to be compact if T(¢)B is

compact for all ¢ > 0 and bounded B C D(A) (i.e. the T(t) are compact maps
for t > 0), while {T'(t)}+>0 is called equicontinuous if the family of functions

{T(-)z: z € B} is equicontinuous at every t > 0, for all bounded B C D(A). Let
us note in passing that {T(t)};>0 is compact iff {T'()}¢>0 is equicontinuous and

J is a compact map for some {or, equivalently, for all) A > 0; see [10)].
Proofs for all facts mentioned above without reference can be found in [3]
or [4].

(ii) Let us also provide some facts about multivalued maps; proofs, if not given
here, can be found in [15]. We call an F: J = [0,a] — 2% ~{ measurable if
F~YV):={t e J: F(t)NV # 0} is a Lebesgue measurable subset of J, for every
open V C X. If this holds and X is separable then F' has a measurable selection,
i.e. f(t) € F(t) a.e. on J for some measurable f: J — X.

Given a nonempty subset 2 of a Banach space and a multivalued map F: Q —
2% N0, we say that F is usc if F~1(A) is closed in € for all closed A C X, and
F' is e-d-usc if for every zo € Q and € > 0 there is § = §(xg,€) > 0 such that

F(z) C F(zo) + B(0)  for all z € Bs(zg) N Q.

In general, usc is stronger than e-d-usc, but both concepts coincide if F' has
compact values; let us also note that compactness of gr(F') implies that F is usc
with compact values. In applications one also has to consider multivalued maps
having only weakly compact values; as a prototype one may think of the following
situation: X = LP(Q) with Q = [a,b] C R, p € [1,00) and F: X — 2% N given
by F(u) = {w € X: w(z) € Sgn(u(z)) a.e. on Q}, where Sgn(p) = p/|p| if p # 0
and Sgn(0) = [~1,1]. In such cases another concept is more natural. We call
F weakly usc if F~1(A) is closed for all weakly closed A C X. Evidently usc is
stronger than weakly usc and simple examples show that a weakly usc F' with
compact convex values may fail to be usc. Let us record some additional facts
about weakly usc maps which will be useful later on.

PROPOSITION 2: Let X be a Banach space, §) # @ a subset of another Banach
space and F: Q — 2% \ () have weakly compact values. Then the following holds:
(a) If F is c-0-usc then F is weakly usc.
(b) If the values of F are also convex, then F is weakly usc iff (z,) C Q
with , = 2o € Q and y, € F(z,) implies y,, — yo € F(z¢) for some
subsequence (yYn, ) of (yn).
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Proof:  To obtain part (a), let F' be e-d-usc and suppose that F' is not weakly usc,
i.e. there is (z,) C Q with z, — z¢ € §? and a weakly closed A C X such that
F(zp)NA#Qforalln > 1and F(zg)NA=10. Let € := inf{p(y, A): y € F(z0)}.
We are done if € > 0, since then (F(zq) + Be(0)) N A = 0, hence F(z,) C
F(zo) + B(0) for all large n > 1 gives the contradiction F/(z,) N A = @ for those
n.

If e =0, we find y, € F(zg) and z, € A such that |y, — z,| = 0. Since F(zg)
is weakly compact we may assume y, — yo € F(2¢), hence also z, — yp € A
which gives yg € F(zo) N 4, a contradiction.

Concerning {b) notice that sufliciency is obvious. To prove necessity let us first
show that F(C) is weakly compact for every compact C' C Q. For this purpose
let |, Vi be any weakly open covering of F(C). For any z € C, F(z) is then
covered by finitely many V), the union of which we denote by V.. Since F is
weakly usc and V is weakly open the sets U, := {Z € Q: F(&) C V,} are open
in © and cover C. Hence C C |J;-, U, for certain z1,...,2, € C. This yields
F(C) c U2, Vs, since y € F(C) means y € F(z) for some z € C and z € Uy,
for some i. Therefore, F(C) is weakly compact since |JI-, Vz, is the union of
finitely many Vj.

Let (z,) C Q with 2z, — 29 € Q and y, € F(z,). Then F(m) is
weakly compact, hence y,, — yo for some subsequence. Suppose yo & F(zo). By
Mazur’s Theorem we find z* € X* such that 2*(y) < r on F{zg) and z*(yo) >
r + 28 with some r € R and § > 0. Then F(z, )N A # 0 for all large k > 1
with the weakly closed set A = {y € X: z*(y) > r + ¢} implies F(zo) NA#0, a
contradiction. n

In subsequent proofs we shall also use the following fixed point result.

LEMMA 1: Let X be a Banach space, ) # D C X compact convex and F: D —
2P N 0 usc with closed contractible values. Then F has a fixed point.

This is a special case of the Corollary given in [18], where the values of F are
only assumed to be compact Rs-sets.

(iii) We also need the following criterion for weak relative compactness in
LY.

LEMMA 2: Let X be a Banach space, J = [0,a] C R and W C L%{(J) be
uniformly integrable. Suppose that there exist weakly relatively compact sets
C(t) C X such that w(t) € C(t) a.e. on J, for all w € W. Then W is weakly
relatively compact in L} (J).

This is Corollary 2.6 in [17] specialized to Lebesgue measure.
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3. The compact case

We consider initial value problem (1) in the situation when —A generates a
compact semigroup. In this case we can immediately find a compact convex
subset of C'x (J) which is invariant under G = SoSel. This is due to the following
result.

LEMMA 3: Let X be a real Banach space, A: X — 2% be m-accretive such that
— A generates a compact semigroup and let W C L (J) be uniformly integrable.
Then S(W) is relatively compact in Cx(J).

This is Theorem 2.3.3 in [28] which is based on Theorem 2 in [2], where W is
of the special type W = {w € LY (J): [w(t)| < p(t) a.e. on J} with ¢ € L}(J).
Now we are able to prove

THEOREM 1: Let X be a real Banach space and A: D(A) ¢ X — 2X ~0 be
m-accretive such that —A generates a compact semigroup. Let J = [0,a] C R
and F: J x D(A) — 2X ~0 with closed convex values be such that F(-,z) has
a strongly measurable selection for every x € D(A) and (3) is satisfied. Then

(1) has an integral solution for every zy € D(A), if also one of the following
conditions holds:

(a) X* is uniformly convex, F(t,-) is weakly usc for allt € J.
(b) X* is strictly convex, F has compact values, F(t,-) is usc for all t € J.

Proof: 1. Let us first show that F' admits an extension F: J x X — 2X\0
having the same properties as F, such that the solution set of (1) remains the
same if F is replaced by F. This can be achieved if we let F(t,z) = F(t, Pz) on

Jx X with P: X — D(A) given by Pz = Jy(5)x, where we let A(z) = p(z, D(A))
on X and Jyz := z on D(A).

Evidently, F has the same properties as F' if P is continuous with |Pz| <
¢1+¢z]z| on X, for some ¢1, ¢ > 0. To prove continuity of P, let (z,) C X with
Tn = To, Ap = A(x,) and Ag := A(zg). Then A\, = Xg and if Ag = 0 we have
zo € D(A), hence

IPCL‘n — Pl‘ol = IJ)\,.-Tn — .'Eol < Il‘n — Zol -+ IJ)\n.'L‘o — .’I?o| — 0.
If A\p > 0 then A, > 0 for all large n, hence

IP.Z‘” - P.730| < |:I7n — .’Eol + |J,\n.’L'0 - J,\OCII()I

A
_<_|xn——z0|+‘1——n
Ao

(Izol + 1Txozol) = 0,
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where we used the resolvent identity to get the last inequality. To get the estimate
for P, fix # € D(A) and § € AZ. Then

|Pz] < |z — 2] + | a2 < |z — &+ A@)|§] + 12| < ¢1 + calz|  on X,

where ¢; := |£](2 + |§]) and ¢; := 1+ ||

Therefore, in the subsequent steps, we may assume that F' is defined on J x X;
notice that every integral solution u of (1) with F instead of F' satisfies u(J) C
D(A), hence u is in fact a solution of the original problem.

2. To get a fixed point of G = S o Sel, let us first show Sel(u) # @ for
every u € Cx(J). For this purpose let u € Cx(J), un be step-functions with
|lu — tunlo = 0 and w, be strongly measurable selections of F(-,u,(-)). By
(3), {wn: n > 1} C LY(J) is uniformly integrable. Moreover, the w, sat-
isfy w,(t) € C(t) = F(t,{un(t): n > 1}) and the sets C(t) are weakly com-
pact by Proposition 2(b), since F has weakly compact values; notice that X
is reflexive in case (a). Therefore we may assume w, — w in LY (J) due to
Lemma 2. By Mazur’s theorem there are W, € conv{wg: k > n} such that
W, — w in LY(J), hence W,, () — w(t) a.e. on J for some subsequence
(Wn,). To conclude w(t) € F(t,u(t)) a.e. on J we argue as follows. Let t € J
be such that w,(t) € F(t,un(t)) for all n > 1 and W, (t) = w(t). Given
" € X* and € > 0, we have z*(wn(t)) € z*(F(t,u(t))) + (—¢,¢€) for all large
n, hence the same inclusion holds for z*(w,, (t)) for all large k; notice that
x* o F(t,-) is usc with compact convex values. Hence z*(w(t)) € z*(F(t,u(t))
for all z* € X* which implies w(t) € F(t,u(t)) a.e. on J, since F has closed
convex values. Thus we have Sel(u) # 0; in fact the same argument (with
un € Cx (J) instead of step-functions) together with Proposition 2(b) also shows
that Sel: Cx(J) — 25%()) N § is weakly usc with weakly compact values.

3. We let Ko = {u € Cx(J): lu{t)] < ¢(t) on J}, where 9 is the solution of

Y = c(t)(L+1p) ae. on J, $(0) = max{|T(t)zo|: t € J}.

Then Ko C Cx(J) is closed bounded convex such that G(Kp) € K. Con-
sequently K: = convG(Kj) C Cx(J) is compact convex by Lemma 3 and
G(K) C K, hence G: K — 2X X\ by the first step. To see that the values
of G are contractible let C = G(u) for some u € K, fix @ € Sel(u) and define
h: (0,1} x C — C by

B0 if t €0, sal,
h<51 ?})(t) - { ,L—L(t; SCL,’U(SG)) ift e (Sa1 (L],
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where u(-; tg, o) is the solution of v’ € —Au + w(t) on [to, a], u(ty) = zo. Notice
that h maps into C, since v = Sw for some w € Sel{u), hence A{s,v) = Sw
with 1 := wX[g sq] + WX(5q,q) € Sel(u). Evidently A(0,v) = Sw and h(1,v) = v
on C, and h is continuous due to the continuous dependence of u(-;tg, zg) on
(to, z0) € [0, a) x D(A).

Therefore, Lemma 1 yields a fixed point of G if we are able to prove that gr(G)
is compact. Evidently it suffices to show that gr(G) is closed. Let (u,) € K with
un — u and v, € G(u,) with v, — v, hence v, = Swy, for some w, € Sel(u,).
By the previous step we may assume w, — w € Sel(u). Now if (a) holds we
immediately obtain v = Sw € G(u) by Proposition 1(a). If (b) is satisfied let ¢ €
J be such that wy(t) € F(t,u,(t)) for all n > 1. Then w,(t) € F(t,u(t)) + B:(0)
for all n > n., hence {w,(t): n > 1} is relatively compact for those ¢t € J.

Therefore we get v = Sw € G(u) by Proposition 1(b). |
Let us give some complementary

Remarks: 1. We can also obtain a local version of Theorem 1 as follows: Let
F be defined on J x D, with D, = B,.(z¢) N “(A—) and suppose that the corre-
sponding assumptions of Theorem 1 (a) or (b} hold. Then Theorem 1 applies to
F given by F(t,z) = F(t, P(R(x))), where P is as in step 1 of the last proof and
R is the radial retraction onto Bs(zo) with § > 0 such that P(Bs(xo)) C B (zq).
This yields an integral solution of (1) with £ which is a local integral solution
of (1) with F, since F(t,x) = F(t,z) on J x (Bs(zo) N D(A)). Such a local
version of part (a) of Theorem 1 comes close to Theorem 3.3.1 in [28]; there it is
also assumed (in addition to the conditions imposed in Theorem 1(a)) that X is
separable and the F(-,z) are measurable.

If the maps F'(-,z) are strongly measurable, i.e. they are given as the a.e.-
limit of step-multis with closed values (see §3.3 in [15]), then (3) can be replaced
by p(0, F(t,z)) < ¢(t)(1 + |z]) on J x D(A) with ¢ € L}(J). This follows by
application of Theorem 1 to Fy(t, z) := F(t, ) Ne(t)(1 + |z|)B1(0) instead of F.
Hence we get at least one global solution, but notice that (1) may have other
local solutions as well.

2. In the situation of Theorem 1(b) the extra condition on X™* can be dropped
if we consider single-valued perturbations. To see this, notice that the only step
where the additional property of X* came into play was to show that gr(G) is
closed. Now for single-valued F' = { f} the regularity assumptions become strong
measurability w.r. to ¢ and continuity w.r. to z. Therefore, u, — u in Cx(J)
and wy, € Sel(un) imply w, = f(-,un()) = w = f(,,u(-)) a.e. on J. By the
dominated convergence theorem we get w, — w in LY (J), hence Sw, — Sw
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and we are done.

In the multivalued case the extra condition on X* cannot be removed, as shown
by the following counter-example.

Example 1: (a) We start with a two-dimensional example in which w, — w in
L%(J) and Sw, — v in Cx(J) do not imply Sw = v.

Let X = R? with norm |z|o = max{|z;],|z2|}, z = (1,—1) and 4: X = 2X \ ¢
be given by

{-z2} if ) <o,
Ar =4 {(s,p(s)) —1<s< 1} if  z =,
{Z} if Ty > Io9,

where ¢: [—1,1] — [—1,1] is continuous, decreasing with ¢{—1) =1 and ¢(1) =
—1. Then it is not difficult to check that A is m-accretive for every choice of such
@; the details can be found in [13] p. 295f, where these particular operators were
used to show that the generator of a semigroup may not be uniquely determined.

Let J = [0,1], r.(t) = sgn(sin(2"nt)) be the Rademacher functions (with
sgn(0) = 1) and define (w,) C L% (J) by w(t) = 7,(t)z on J. Then w,(t) €
{—2,2} on J and w, — 0 as n — oo. Due to £z € A0, the initial value problems

u' € —Au+wp(t) onJ, u(0)=0

have the classical solution v = 0. Hence Sw, = 0 for all n > 1, since classical
solutions are also integral solutions. So we have w, — 0 and Sw,, — 0.

Nevertheless, SO # 0 unless ¢(0) = 0. Notice that () = i for some unique
u € (—=1,1), hence (u,u) € Az for all z € X with 1 = z3. Therefore, the
solution of 4" € —~Au on J, w(0) = 0 is given by u(t) = (—ut, —ut) on J, hence
u # 0 if p(0) # 0.

(b) We are now able to define an m-accretive operator A and a compact convex
C C X such that S(W) is not closed, where

W ={we L(J): w(t) € C ae. on J}.

For this purpose let X = R*, equipped with the max-norm, and define A: X —
2% N0 as A = Ay x A,, where the A correspond to functions @y and are given
as in part (a). As p, ; we choose (see Figure 1)
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-1+ -1+
Figure 1.
1 if —1<r<Q0 = if —1<r<?i
— == d = 3 =" =73
1(r) { 1—2r it o<r<i1 4@ {2—37" if l<r<l

Given e = (3,—1,1, 1), we let w,(¢) = rp(t)e on J = [0,1] with the r, from
above. For n > 1, let u, = Sw, with initial value u,(0) = 0. Since all u,, are
Lipschitz continuous integral solutions and X has the Radon-Nikodym property,
it follows that the u, are strong solutions; see Theorem 7.7 in [4]. By definition
of Ay outside the diagonal A = {(s,s): s € R} and the choice of e it follows that
the solution remains in A x A, hence

’U/;l(t) = ( — (Tn(t))a —i (Tn(t))a — 2 ('rn<t))7 —H2 (rn (t))) a.e. on J,

where
{(a(s), ()} = [exlon) — s, -] A fork=1,2.

Elementary calculations show that

pi(s) == — and pa(s) == — ITiI for s € [-1,1].

W=
[N
N =

Therefore, u,(t) = —ty + (v,(t), va(t),0,0) on J with

1111 1/t
y—(g,g,z,z) and ’Un(t)—-ﬁ-/o Tn(T)dT.

Consequently, u,(t) — —ty uniformly on J. Moreover, (u,) C S(W) if we let
C = conv{—e,e} and W = {w € L% (J): w(t) € C a.e. on J}. Suppose that
u(t) = —ty satisfies u = Sw for some w € W. Then

u'(t) € —Au(t) + w(t) ae onJ, u(0)=0,
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which means y + r(t)e € Au(t) a.e. on J with a measurable r: J — [—1,1]. By
definition of A4 this yields the contradiction

y+ve € gr(pr) x gr(ys) for some v € [-1,1].

(c) Based on the previous part we obtain the following example for non-
existence. Let A, y, e and C be as in (b) and define F: J x X — 2X\
by

Fit,z) = R{ayt)e if 1/(k.+ 1) < |z +ty| < 1/k,
C otherwise,
where oy = k(k + 1) and R(s) = Sgn(sin(rs)) with Sgn(p) = p/|p| for p # 0 and
Sgn(0) = [—1,1]. Evidently F' is usc and bounded with compact convex values.

Assume that (1) with J = [0,1] and z¢ = 0 has an integral solution u on J.
As in (b) it follows that u(-) € A x A and u(t) = —ty is not possible due to
F(t,—ty) =C.

Let 9(t) = |u(t) + ty] on J. Due to continuity of 1, ¥(0) = 0 and v # 0 there
exist 7 € (0, 1] and a large k£ > 1 such that () = 1/k and 9(t) < 1/k on [0, 7).
Let 0 = max{¢t € [0,7]: ¥(¢) < 1/(k+1)}. Then

P(1) = E and

L< (0,7)
. Py on (o, 7).

x|

P(o) P(t) <

1
S k+ 1
Consequently F(t,u(t)) = R(axt)e on (o, T), which implies

u' € ~Au+ w(t)e ae. onlo,7] with w(t) = ro(axt) on [o,7].

As in the previous step this yields

1 rolagt) 1 rolaxt) 1 1
(B =(-5+0a —c+ 2 ) ae
u'(t) 3t~ 3T T 4> a.e. on [o,7],

T

u(r) + 1y = u(o) + oy + (1 /T ro{agt)dt, %/ ro(akt)dt, 0,0)

6 o
and therefore the contradiction

1

L= < lo) + 3

g 111
t)dt| < —— + — < -
/a ro( )dtl— K+l 6op

Thus (1) has no integral solution for this special choice of A, F and z,.
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4. The equicontinuous case

In the important special case when X is a Hilbert space and A = ¢ is the
subdifferential of a proper convex lsc function ¢: D, C X — R, the semigroup
generated by —A is always equicontinuous and it is compact iff ¢ has compact
sublevel sets, i.e. {z € X: |z]? + p(x) < r} is compact for all 7 > 0; see e.g.
p. 42 in [28]. This is one motivation to consider initial value problem (1) in the
situation when the semigroup generated by — A is only equicontinuous. Instead of
compactness of the resolvents (I+AA4)~! we then impose a compactness condition
on F, namely

B(F(t, B)) < k(t)3(B)

4
@) a.e. on J for all bounded B C D with some k € L*(J).

Here 3(-) denotes the Hausdorfl-measure of noncompactness; see §9.2 in [15]. To
get existence of integral solutions in this situation we will again use the fixed
point approach but this time it is harder to find a compact (convex) invariant
get K. In case A = 0 this can be achieved using the estimate

6({/0' wk(s)ds:kZI})S/O B({wx(s): k > 1})ds on J,

which holds for separable X and (wy) C L (J) satisfying |wg(t)] < ¢(t) a.e. on
J for all k > 1 with some ¢ € L'(J); see e.g. Proposition 9.3 in [15]. Now the
idea is to extend this formula to the case A # 0. This is contained in

LEMMA 4: Let X be a real Banach space and A: X — 2% be m-accretive such
that — A generates an equicontinuous semigroup. Then the following holds.
(a) If W C L%(J) is uniformly integrable then S(W) C Cx(J) is equi-
continuous.
(b) If X* is uniformly convex and (wy) C L% (J) satisfies |wi(t)] < ¢(t) a.e.
on J for all k > 1 with some ¢ € L'(J), then

5)  B{(Sw)(b): k> 1}) < /0 B{we(s): k> 1})ds  on J.

We only have to prove part (b), since the first part is Theorem 2.3 in [19]. Let
us also note that (b) is known in the special case {wy(s): k > 1} C C a.e. on J
with some compact C C X; see Theorem 3.1 in [19]. To prove part {(b) we need
another auxiliary result. Given ) # Q C X let 8{B) be defined by

Ba(B) =inf{r > 0: B C U B, (z;) for some m > 1 and zy,...,Zn, € 2}

=1
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for bounded B C 2, i.e. the centers of the covering balls are chosen from Q
instead of X. Then S(B) < Bq(B) < 26(B) for all bounded B C Q. Moreover,
Ba has the following representation:

ProprosITION 3: Let X be a Banach space and § # Q,, C X with Q,, C 9,11
for n > 1 be such that §(2, N A) = 0 for bounded A C X and alln > 1. Let
Q=,5, % and B = {z: k > 1} C Q be bounded. Then

Ba(B) = lim Tim p(zx, Q).

n—o0 k—oc

This is an extension of Proposition 9.2 in [15], where Q := X is assumed to be
separable and the Q,, are subspaces of finite dimension. Nevertheless, except for
trivial modifications, the proof given there also works in the situation considered
here.

Proof of Lemma 4(b): We may assume that Xy = span(lJ,~; w(J)) is
separable, since all wy, are strongly measurable. By Theorem V.2.3 in [16], which
applies since X is in particular reflexive, there is a closed separable subspace Y
of X, containing X, and a linear continuous projection P from X onto Y with
|IP|| = 1. For bounded B C Y we therefore have 3(B) = fy(B). Let ¥, CY be
finite-dimensional subspaces such that ¥ = U;Y_n, let

W, = {w € Ly, (J): |w(s)] < 2¢(s) a.e. on J}

and Q,, = {(Sw)(t): w € W,,} for fixed ¢ € J, where it suffices to consider ¢ > 0.
Let us show that 3(,) = 0 for all n > 1. For every € > 0 there is a closed

Je C J such that (|, is continuous (hence also bounded) and [, @(t)dt < €/2.
Then
Q= {(Sv)(t): v =wX;, with we W,}

is relatively compact by the remark behind Lemma 4. Since z := (Sw)(t) € Q,
implies z¢ := (S(wX;))(t) € Qf and |z — z| < fJ\Je |w(t)|dt < €, we have
2, C Q5+ B.(0). This yields 5(Q,) < () +e =cforalle > 0, i.e. 5(Q,) = 0.
Hence Proposition 3 applies and therefore

BU(Swe)(t): k = 1}) < Ba({(Swi)(t): k > 1}) = lim Tim p((Swi)(t), 2n),

n—oc k—00

where Q) = UnZl Q,.. Now
p((Swk)(t), Qn) = Inf{|{(Swk)(t) — (Sw)(t)]: w € Wy}

< 1nf{/ lwi(s) (8)|ds: w e Wy} = / plwi(s), Yn)ds;
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for the last equality notice that H(s) := {z € Yu: lwi(s) — z| < p(wi(s),Y,)}
defines a measurable multivalued map with nonempty values, hence H has a
measurable selection w and |w(s)| < 2¢(s) a.e. on J. Finally, using Fatou’s
Lemma, the dominated convergence theorem and Proposition 3 we get

n-300 k00

BU(SwR)(B): k> 1}) < /0 lim Tim p(wi(s), Yo)ds
:/0 By ({wr(s): £ > 1})ds
:/0 B{wi(s): k > 1})ds. |

Now we can obtain the main result in this section.

THEOREM 2: Let X be a real Banach space such that X* is uniformly convex and
A: X — 2% be m-accretive such that — A generates an equicontinuous semigroup.
Let D := tonvD(A), J = [0,a] C R and F: J x D — 2X ~\( with closed
convex values satisfying (3) and (4) be such that F(-,z) has a strongly measurable
selection for every « € D and F(t,-) is weakly usc for every t € J. Then (1) has

an integral solution for every zo € D(A).

Proof: As in the proof of Theorem 1 we look for a fixed point of G = § o Sel,
and get a closed bounded convex set Ky C Cx(J) such that G(Ky) C K. We
let K,y 1= convG(K,) for all n > 0 and K := (), 5, K. Then we are done if
we can show that K is relatively compact; notice that K is then compact convex,
and G: K — 2% \ ) is usc with closed contractible values which follows as in the
proof of Theorem 1.

Due to Lemma 4(a) we know that K is an equicontinuous subset of
Cx(J), hence K is relatively compact if S(K(t)) = 0 on J, where K(t) =
{u(t): v € K}. We let p,(t) = B(K,(t)) for n > 0 and p(t) = B(K(t)). Then
prt1{t) < B{{Sw)(t): w € Sel{(K,)}). In order to apply {5) suppose, for the
moment, that for given € > 0 there is a sequence (wx) C Sel(K,) such that
B{(Sw)(t): w € Sel(Kn)}) < 26({(Swk)(t): k > 1}) + €. Then, using also (4),

we obtain

Prt1(t) < 2/0 B{wr(s): k> 1}ds +e< 2/0 k(s)pn(s)ds + €.

Since this is true for every € > 0, and p,(t) \y poo(t) on J, we get 0 < p(t) < poo(t)
and

Poolt) < 2 /0 K(5)eo(5)45,  poo(0) = 0.
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Evidently, this implies p(t) = 0 on J.

To finish the proof we have to show that for bounded B € X and ¢ > 0
there is a sequence (z) C B such that 3(B) < 26({zx: k > 1}) + €. It suffices
to consider B C X with 3(B) > 0 and € € (0,3(B)). Let r = 8(B) — ¢ and
z1 € B. Then there is zo € B B.(z1) since otherwise B C B,(z;) gives the
contradiction §(B) < r. Given z1,...,Zm,m € B with |z; — zx| > r for j # k, the
same argument yields z,,4+1 € B such that |2; — Zpq1| > 7 for j=1,...,m. By
induction we therefore get a sequence (zx) C B with |z; — zx| > 7 for all j # .
Evidently, this implies S8({zx: k > 1}) > r/2 hence f(B) < 20({zx: k > 1}) +¢.
|

Additional information is contained in the following

Remarks: 3. Theorem 2 is a considerable improvement of Theorem 3.6.1 in
(28], where local integral solutions are obtained in the following situation: X
separable with X* uniformly convex, A m-accretive such that —A generates an
equicontinuous semigroup, F: [a,b] x V — 2% \ () jointly usc with closed convex
values satisfying 3(F([a,b] x B)) = 0 for all bounded B C V, where V is open in
D(A) with zp € V.

Let us note that Theorem 2 also admits a corresponding local version, say for
F:J x D, = 2X \ 0 with D, = B,(z9) NconvD(A); notice that (3) on J x D,
implies |u(t) — 29| < r on [0,b) for every integral solution u of (1) if b > 0 is
sufficiently small.

In Theorem 2 we need the F(¢,-) to be defined on a convex set to get the convex
compact K this time we cannot use the map P from the proof of Theorem 1
to extend F to all of J x X, since it is unclear if this extension will satisfy
(4). We have not checked whether this can be achieved by other means, since in
applications where X* is uniformly convex, X will usually also have this property
and in this case D(A) is convex.

4. By the proof of Theorem 2 the set of all integral solutions of (1) is a
compact subset of Cx (.J), for every zo € D(A), in the situation considered there.
Consequently, the next example shows that the method which we used does not
work without additional assumptions on X*. More precisely, there exist an m-
accretive A: X — 2% N\ () such that —A generates an equicontinuous semigroup

and a compact C C X such that the set of all integral solutions of
(6) v €—-Au+C on[0,1], u{0) =0

is not relatively compact. The ingredients are taken from a counter-example due
to M. Pierre which can be found in [28], p. 224 ff; there it was used to show that
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a certain sequence of approximate solutions for (6) is not relatively compact.
Notice also that in the subsequent example estimate (5) does not hold.

Example 2: Let X = {u € Cp(Ry): u(0) = 0} with the sup-norm |-}o. Foru € X
we let ut be defined by ut () = maxy 5 u(s); notice that u* is increasing with
ut(z) > u(x) on Ry. Now we let D = {u*:u € X} and A: D — 2% \ () be given
by Au={v—-uve X,vH =ul.

1. Let us show that A is m-accretive such that — A generates an equicontinuous
semigroup. For this purpose let us first prove that

(7) (ut +o(u—u")tT =ut  forallue X and a > 0.

Let v = ut + a(u — uT). Then u < u* implies v < u* hence also v+ < u*. On
the other hand, given z > 0 there is 7 € [0,z] with v (z) = u(r) which yields
u¥(s) = u(r) for all s € [r,z]. This implies

v (2) 2 v(7) = u (1) + a(u(r) — u* (7)) = vt (z),

hence (7) holds.
To show R(I + AA) = X for all A > 0, let w € X be given and

Then v := vt € D and v+ = w = u by (7), hence

w—wt
A
which means w € u+AAu. Moreover, v = w7 is the only solution of w € u+AAu,
since w € 4 + AAd with ¢ € D implies w = 4 4+ A(d — @) for some ¥ € X with
ot =4, hence & = w' by (7). Therefore, given A > 0, Jy = (I +XA)"1: X - D
is well defined and given by Jyw = w* on X. It remains to show that A is
accretive which follows if all J are nonexpansive maps, i.e. jut — vty < Ju—v|o
for all w,v € X. Suppose, on the contrary, that |u — v]p < Jut(z) — v+ (z)]
for some z > 0, where we may assume u*(z) > v*(z). Since ut(z) = u(r)
for some 7 € [0,z] and v™(z) > v™(r) > v(7), this gives the contradiction
lu(t) — v(7)| < ut(z) — vt (z) <ulr) —v(r).
Evidently, Jyu = u¥ on X for all A > 0 and u = ut on D = D imply

€ Au

T(tyu= lim Jipu=u forallt>0andue D.

Hence the semigroup generated by —A is given by T'(t) = I, for all ¢ > 0, which
is equicontinuous.
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2. Let

[NES

J=10,1], Jn,l:[n, n) forn>1, 1=0,...,n—1

and wy,, € L} (J) given by w,(t) = (—=1)'¢ on J, 1, where ¢ € X is the sawtooth-
function defined by (z) = [ ¥(s)ds on Ry with ¢ = Zzzo('l)lx[21—1,2l+1)~
Evidently, w,(t) € C := {—p,¢} on J for all n > 1. Hence (w,) C L%(J) is
weakly relatively compact and we even have w, — 0. Let u, = Sw, be the
integral solution of v’ € —Au + w,(t) on J, v(0) = 0. We claim that {u,) is
not relatively compact in Cx(J) and it suffices to show that (us;(1)) C X is not
relatively compact.

We will only sketch the proof, since the details require lengthy but elementary
calculations. Fix an even n > 2 and let t, = 2k/n for k£ > 0. Then by induction
w.r. to k one can show

®) o) = 5 [0 6Posesn(eshds onRy, for cvery k20

0

To get this representation the first step is to solve the initial value problem
v E—-Av+e on[0,1/n], v(0)=u(ty).

Since the operator A, defined by Au = Au — ¢, is again m-accretive the integral
solution of this problem is given by the exponential formula, namely »(t) =
lim,,— oo jt’;‘mu(tk) where Jyu = Ja(u+ M) = (u+ Ap)t. Using representation
(8) it turns out that v(t) = (u(tx) + te)* for ¢t € [0,1/n], hence u(ty + 1/n) =
v(1/n) = (u(te) + ¢/n)*. Then the next step is to take this as the new initial
value and to solve v’ € —Av — ¢ on [1/n,2/n]. Evidently u(tx4+1) = v(2/n) and
a similar argument as above yields

u(trs1) = ((u(tk) + %@)+ - %W)+-

Finally, it can be checked by elementary calculations that u(tx+1) is again of the
type given by (8). Now it is easy to conclude that u,, for even n, satisfies

un(l)(m)—% g%; on [0,2n], ux(1)(@)=1 on [2n,00).

Therefore, u;(1)(z) — 0 as j — oo uniformly on bounded intervals, but
|u2;(1)|o =1, hence (uz;(1)) is not relatively compact which proves the claim.
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5. Other special cases

Having clarified that some additional assumption on X* is needed in general,
we are now going to consider two important special cases in which the approach
works for general Banach spaces. To achieve this, the crucial step is to check
that an estimate like (5) is still valid.

We start with the semilinear case in which we assume that A is also linear.
Notice that in this situation —A generates a Co-semigroup {T'(t)}:>o of bounded
linear operators. Then v is an integral solution of (2) iff

(9) u(t) = T(t)ze + /Ot T(t ~ s)w(s)ds on J,

see e.g. Theorem 5.7 in [4]. Let (wx) C L (J) satisfy |wi(t)] < ¢(t) a.e. on J for
all k > 1 with some ¢ € L!(J). Exploitation of (9) together with the estimate

mentioned in front of Lemma 4 yields

B{(Swe)(t): k> 1)) <2 /0 B({ox(s): k > 1})ds,

where vk (s) 1= T'(t — s)wi(s) on [0,]; notice that w.l.o.g. Xo =5panJy5, vk(J)
is separable, and recall that Gx,(B) < 23(B) for bounded B C X;. In this
situation we therefore have

(1) B{(Swe)(®) k> 1)) <2 /0 B{w(s): k> 1})ds  on J,

since accretivity of A implies |T'(¢)|o <1 for all ¢t > 0.
Here we can drop the equicontinuity assumption on the semigroup and have

THEOREM 3: Let X be a real Banach space and A: D(A) C X — X be such
that —A generates a Co-semigroup {T'(t)}¢>o of bounded linear operators. Let
J =1[0,a) CR and F: J x X — 2% \ ) with closed convex values satisfying (3)
and (4} be such that F(-,z) has a strongly measurable selection for every z € X
and F(t,-) is weakly usc for every t € J. Then (1) has an integral solution for
every zg € X.

Proof:  Since —A generates a Cy-semigroup, there exist M > 1 and w € R
such that |T'(t)]o < Me“* on R.. We may assume M = 1 after a change to an
equivalent norm, hence (Az,z); > ~w|z|? on D(A); see e.g. Chapter 1 in [23].
Let Ay := A+ wl and Fy := F + wl. Then Ag and Fy in place of A and F
satisfy the assumptions of Theorem 2. Now notice that the proof of Theorem 2
is also valid in this situation if the set K, as defined there, is relatively compact
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in Cx(J), and we obtain S(K(t)) = 0 by the same arguments as given there,
since (10) is valid. It remains to prove that K is equicontinuous. Assume, on the
contrary, that there are ¢y > 0 and sequences (u,) C K, (tn), (tn) C J such that
th = 7>0,t, = 7asn — oo and |ua{ts) — un(ts)| > € for all n > 1. We have
Uy, = Swy, and Jw,{t)] < (t) ae. on J for all n > 1 with some ¢ € L'(J), by
the definition of K. Exploitation of (9) implies

t
un(t) = T(h)un(t — h) +/ T(t—s)wp(s)dsfor 0<t-h<t<aandn>1,
t—h

which yields

fun(®) — wn ()] < Tt — 8)un(s) — T(E - syun(s)] + / olp)dp+ / olp)dp

foralln > 1 and 0 < s < t,# < a. Since D := {u,(s): n > 1} is compact, the
family of maps {T(:)z: € D} is equicontinuous. Therefore, the last inequality
gives the contradiction 0 < ¢y < 2 inf{f: w(p)dp: s €10,7)} =0. |

Now we turn to the case when A is, in addition, single-valued and continuous.
We write g instead of —A and allow time-dependence of g, where we assume that
g is defined on all of J x X and is strongly measurable w.r. to ¢. In this situation
we impose the dissipativity condition

1) (9(t;2) = g(t,8), 2 — &)~ <wit)lw - 3’
for all t € J,z,z € X with w € L!(J)
as well as the growth condition
(12) lg(t,2)| < d(t)(1+|z]) on J x X with d € L(J).
We are then able to obtain strong solutions of the initial value problem

(13) u € g(t,u) + F(t,u) ae. ond, u(0)=umx,

given that F' is as described in Theorem 2. Here u is called strong solution of
(13) if u is absolutely continuous and a.e. differentiable such that (13) holds.
In analogy to the previous cases, we let Sw denote the (strong) solution of the
quasi-autonomous problem

(14) v =g(t,u) +w(t) ae onld, u(0)=z

for w e LY (J).
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THEOREM 4: Let X be a real Banach space, J = [0,a) CRand g: J x X —» X
be strongly measurable w.r. to t, continuous w.r. to x satisfying (11) and (12).
Let F: J x X — 2X \{ with closed convex values satisfying (3) and (4) be such
that F(-,x) has a strongly measurable selection for every x € X and F(t,-) is
weakly usc for every t € J. Then (13) has a strong solution for every zy € X.

Proof: 1. Let us first reduce to the case c(t) = d(t) = k(t) = w(t) = 1. For
this purpose define ¢ € L1(J) by v = max{1,¢,d, k,w}. The map t — fot o(s)ds
from J to J := [0, |¢|1] is continuous and strictly increasing. Let ¢ be its inverse
and define §: J x X - X and F: J x X = 2X 0 by

g(t’x) =

F(¢(t),z) for (t,z) € J x X.

1 ~ 1
plpy W) and B8 = oy
Evidently, u is a strong solution of (13) iff v(t) := u(¢(t)) is a strong solution
of (13) with g, F and J replaced by g, F' and J, respectively. Now it is easy
to check that § and F satisfy (3), (4), (11) and (12) withc=d=k=w = 1.
Concerning the other properties, notice that § and F are as good as g and F.

In the sequel we denote §, F and J by g, F and J, respectively, again.

2. As in step 2 of the proof to Theorem 1 it follows that Sel: Cx(J),—~
2Lx() N\ ¢ is weakly usc with weakly compact convex values. Due to the growth
conditions on g and F we find a closed bounded convex Ky C Cx(J) such that
G(Kp) C Ky for G = S oSel. Moreover, Kj is equicontinuous since g is bounded
on bounded sets.

Now we can repeat the reduction to compact convex K C Cx (J) with G(K) C
K, as given in the proof to Theorem 2, if we can show that an estimate like (5)
is valid. In fact we have

(10)  B{(Sw)): k>1}) <2 /0 B({wi(s): k> 1})ds  on J,

for (wx) C LY (J) satisfying lwi(t)| < ¢(t) a.e. on J for all k > 1 with some
@ € LY(J). To obtain this inequality it suffices to show relative compactness
of ((Swk)(t)) C X for all t € (0,a], where (wx) C L (J) satisfies wi(t) € C
a.e. on J for all £ > 1 with some compact C C X; remember the proof of
Lemma 4(b) and notice that, if we replace Y by Xy there, we end up with
fot Bx,({wk(s): k > 1})ds and then Bx,(B) < 28(B) for all bounded B C Xj
yields (10). Given (wy) of the type mentioned above, we may assume wy, — w in
L (J) and also zx — 2z in Cx(J), where

2k (t) ::‘/0 wi(s)ds and  z(t) := /Otw(s)ds on J.
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Let ux := Swy and u := Sw. Then ¥(t) := Jug(t) — 2¢(t) — (u(t) — 2(¢))| has

() D7) = p(t)P'(t)
= (g(t, u(t)) — g(t, u(t)), ue(t) — (u(t) + ex(t)))-  ae onJ,

where e; := 2x — z = 0 in Cx(J), hence
PP (2) < 9(t)* +(g(t, ult) +ex(t)) = gt, ut)), ur(t) — (u(t) +ex(t)))+ ae. on J
which implies

W'(t) < P(t) +1g(t,ult) +ex(t)) — gt u(t))|  ae on J.

We also have 9(0) = 0, hence Gronwall’s Lemma yields

Bit) < ¢ /0 e=lg(s,u(s) + ex(s)) — g(s,u(s))lds  on J.

By continuity of g w.r. to z, (12) and the dominated convergence theorem, the
right-hand side tends to zero as k — oco. Consequently, we have |ugx —uly — 0 as
k — oo and therefore (10) holds.

In fact we have shown that S: W C LL(X) — Cx(J) is weakly-strongly
sequentially continuous, given that W is of the type

W ={we L%(J): w(t) € C ae. on J}

with compact C C X. Evidently, this implies that gr(G k) is closed, hence G is
usc. By Lemma 1 we get a fixed point u of G, i.e. an integral solution u of (9).

To finish the proof, recall that u is the unique integral solution of (14) for some
w € Sel(u). On the other hand, initial value problem (14) evidently has a strong
solution. Since strong solutions are integral solutions, this implies that u is in
fact a strong solution of (13). |

Remarks: 5. Theorem 3 can be extended to time-dependent operators A(t) in
a straight forward way, if the family {A(t)}:cs generates a strongly continuous
evolution system U(t,s), 0 < s < t < a; see e.g. Chapter 5 in [23] for the
definition of an evolution system. In this situation the fixed point approach
yields a continuous u: .J — X satisfying

t
u(t) = U(t,0)zg + / U(t,s)w(s)ds onJ with some w € Sel(u).
0
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By the same approach it is also possible to obtain solutions of semilinear
functional-differential inclusions. This is done in [22] and the corresponding result
is Theorem 2.1 there.

6. If specialized to the single-valued case F' = {f}, Theorem 4 includes the
main result in [24], §2. There it is assumed that f,g: J x X — X are continuous
and bounded such that §(f(J x B)) < LB(B) for all bounded B € X and g
satisfies (11) with w(t) = w. The latter is an extension of Theorem 2 in [27], which
is the local version for compact f; evidently, strong solutions are C!-solutions in
these cases.

The idea to use the special ¥ from step 2 of the proof to Theorem 4 to show
that w,, — w implies Sw, — Sw is taken from [27].

6. The set of all solutions

As mentioned in Remark 4, the solution set of (1) for fixed zy € D(A) is a
compact subset of Cx(J) in the situation described in Theorem 2. In fact it is
a compact Rs as we are going to show in this section. Recall that a subset B
of a metric space is called compact Rs, if B is the intersection of a decreasing
sequence of compact absolute retracts (AR for short) B,, i.e. the B, have the
following property: given any metric space €, any closed A C £ and an arbitrary
continuous f: A — B, there exists a continuous extension f: @ = B, of f. If
f has a continuous extension to some neighborhood V of A4 only, B, is called an
absolute neighborhood retract (ANR for short). In [20] it was shown that “AR”
may be replaced by “contractible” in the definition of compact Rj; remember
that B is contractible if there is g € B and a continuous A: [0,1} x B — B such
that

h(0,z) =29 and h(l,z)=2z on B.

If B C Y and the latter holds for some zp € Y and h: [0,1] x B — Y then
B is said to be contractible in Y, and B is called neighborhood contractible in
Y, if B is contractible in every open V' O B. Finally, B is called absolutely
neighborhood contractible, if B is neighborhood contractible in Y for every ANR
Y which contains B as a closed subset.

To prove that the set of all solutions is a compact Rs, the following character-
ization of such sets will be helpful:

LEMMA 5: Let Q be a complete metric space, By(-) denote the Hausdorfl-measure
of noncompactness in 2, and let § # B C Q. Then the following statements are
equivalent:
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(a) B is a compact Rj.

(b) B =(),,>1 Bn for some decreasing sequence of closed contractible B, with
Bo(Br) = 0.

(¢) B is compact and absolutely neighborhood contractible.

Proof: We only have to show “(a) = (b) = (c)”, since the last implication
“(c) = (a)”, which is the most difficult step, forms the main part in [20].
Evidently (a) implies (b), since every AR is contractible. To prove that (c)
follows from (b), let Y be any ANR which contains B as a closed subset and let
V C Y be a neighborhood of B in Y. Since open subsets of ANR’s are ANR’s
too, there is a continuous extension f: U — V of the identity I: B — V to some
neighborhood U of B in Q. Then 8(B,,) — 0 implies B,, C U for all large n. Fix
such n, let zg € B, and h: [0,1] x B, — B, be continuous such that h(0,z) = zg
and h{l,z) = z on B,. Then hy := fo hh :[0,1] x B = V is continuous

0,1]xB"
and satisfies

ho(0,2) = f(zg) €V and ho(l,2) =2 on B.

Hence B is absolutely neighborhood contractible and compactness of B is obvious.
|

For every zy € D(A) we let M(zg) denote the set of all integral solutions of
(1). Then the following holds.

THEOREM 5: Under the conditions of Theorem 2 the solution set M(xy) C
Cx(J) is a compact Rs. In particular, M (zq) is connected.

Proof: 1. Let zy € D(A) be given. By the proof of Theorem 2 we already
know that M := M(zy) is compact in Cx{(J). Now, to apply Lemma 5, we
approximate F' by certain F, D F. For this purpose let 7, = 37, (Uy)xca be
a locally finite refinement of the open covering D := ¢onvD(A) C U,¢p Br, (z)
and (¢x)rea be a locally Lipschitz continuous partition of unity subordinate to
(Us)rea- For every A € A let 2y € D be such that Uy C B, (). We define F,,
by

Fo(t,z) =) @a(2)Ca(t) onJ x D with Cx(t) := CnvF(t, Bar, (z2)).
AEA
Then it is not difficult to show that
F(t,z) C Faqa(t,z) C Fu(t,z)

(15) __
C convF(t,Bs, (z)ND) onJ x D foralln>1,
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see Lemma 2.2 and the proof of Theorem 7.2 in [15], from where this
approximation is taken. Let M, := M, (xo) be the solution set of (1} with
F,, instead of F. By (15) we know that {(M,) is a decreasing sequence such that
M c (,51 Mn.

2. We are going to show that u, € M, for all n > 1 implies Up, S+ UEM
for some subsequence {uy, ) of (u,). Evidently this yields M = (1,5, M, but it
also implies fo(M,) — 0, where So(-) denotes the Hausdorff-measure in Cx (J);
notice that we get pn := sup,ear, p(v, M) = 0, hence M, C M + B, (0) yields
Bo(M,) < p, — 0 since M is compact.

Given u, = Sw, € M, for n > 1 with w, € F,(-,u,(-)), we first get
boundedness of (u,), since all £}, satisfy

(16) HEa(t, o) < c(t)(2+fal)  on Jx D

by (15) and (3). Hence (wy) is uniformly integrable and therefore (u,) is
equicontinuous due to Lemma 4(a). Let p(t}) = B{{un(t): n > 1}) on J.
Application of Lemma 4(b) yields

t
o)< [ B{un(s)n>pds onJ forallp>1,
0
and exploitation of (15) implies

A{wn(s): n 2 p}) < B(F (s, {un(s): n 2 p} + Bsr, (0))
< k(s)(p(s) +3rp) ae onlJ

(17)

1]

hence Gronwall’s Lemma and p — oo yields p(t) 0. Consequently,
[tn, — ufo — 0 for some subsequence (u,,) and some v € Cx(J). Since (17)
implies S({wn(s): n > 1}) = 0 a.e. on J we may also assume w,, — w by
Lemma 2. Now w € Sel(u) follows as in step 2 of the proof of Theorem 1, hence
Up, > UEM.

3. We are done if the M,, are contractible, since then Lemma 5 applies with
B =M and B, =M,. Fixn>1, let g» be a strongly measurable selection of
F(.,zy), for every A € A, and define f by

fit,z) = z ox(z)gn(t) on J x D.
AEA

Then f(t,x) € Fn(t,x) on J x D is obvious. Since (Uy)rea is locally finite, f(-,x)
is strongly measurable and for every compact C C D there exist v > 0 and § > 0
such that

(18) |f(t,z) — f(t,2)| <ye(tle —z| forallteJ, =,ZeC+ Bs(0)
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with ¢(:) from (3). Therefore, given (7,z) € J x D(A), the local version of
Theorem 2 {mentioned in Remark 3) implies the existence of a local integral
solution v = v(+; 7,z) of the initial value problem

(19) v' € —Av+ f(t,v) onl|ra], v(7r)==z.

Since (16) also holds with |f(t,z)| instead of ||F,(t,x)||, every local integral
solution of (19) has an extension to all of [r,a], and, due to (18), we also have
uniqueness. Therefore

f u®) if t € [0, sa]
h(s,u)(t) —{ v(t; sa,u(sa)) ift € (sa,al

defines a function h: [0,1] x M, — M, such that h(0,u) = v(-;0,z) and
h(l,u) = u on M,. It remains to prove that h is continuous in order to
show that M, is contractible. For this purpose, let (sx,ux) € [0,1] x M, with
(sk,uk) = (s,u) and Yr(t) := |h(s,u)(t) — h(sk,ur)(t)| on J. Moreover, let
7,6 > 0 be such that (18) holds with C := |J;5; ux(J), and let K > 0 be such
that |ulo < K for all u € My; such K exists due to (16). Given € > 0, we are
going to show

Yi(t) < (2K + 5)exp(7/O c(t)dr)e onJ

for all large k > 1. We consider the case s, < s and ¢ € [sa, a] only; the remaining
cases can be treated by means of similar arguments.

First we find n > 0 such that u(I) < 7 implies [, c(r)dr < € for every
measurable I C J. Let k. > 1 be such that |u — ui]o < € and |s — 8] <
n/a for all k > k.. We have v(t;sga,ux(ska)) = v(t;sa,yx) if we let yp :=
v(sa; spa, ur(ska)), hence exploitation of (18) yields

t

Pi(t) = [v(t; sa, u(sa)) — v(t; ska, ur(ska))| < lu(sa) — ye| + 7/ c(T)yr()dr.

sa
Using u = Sw with some w € F,(-,u(-)) and (16) we get

sa

lu(sa) — yx| < |u(ska) — uk(ska)l +/ 2(2+ K)e(r)dr,

S
which implies
t

Pe(t) < 2K +5)e+ 7/ c(T)yr(r)dr  for t € [sa,al.

sa
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Consequently, application of Gronwall’s Lemma yields the desired estimate, and
therefore |h(sk, ux) — h(s,u)lo = 0 as k — oco. Hence M is an Rs-set, and M is
connected since all M,, are. [

Remarks: 7. By inspection of the previous proof it is rather obvious that the
solution set of (1) is also a compact Rs under the assumptions given in Theorem
1, 3 or 4. In the situations as described in Theorem 1 one can make the following
simplification in the proof of Theorem 5: Since (16) yields a-priori bounds for
all M, we immediately get compactness of the M, by application of Lemma
3, hence Lemma 5 is not needed then. Part (a) of the result corresponding to
Theorem 1 contains Theorem 3.3 in [26].

Concerning properties of the solution set in case A = 0 see §7 and §9.3 in [15].
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